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1. NUMBERS, SETS AND FUNCTIONS

We start with studying number systems, some "naive set theory”, and then define functions.

1.1. Natural Numbers. The naturals N := {1,2,...} is axiomatically defined via Peano axioms,
which we briefly mention them for completeness.

1.1.1. Peano azioms. There exists a non-empty set AN/ and an injective function S : N' — N
the successor of function) such that:

(
(1). 1 e N and there is no n € N such that s(n) =1

(2). If S € N such that 1 €S and if some n € S, we have s(n) € S then S =N (induction axiom)
Generally (2) above is used by considering a property pertaining a natural n that is: if P(1) is
true and if for certain ng € N, P(ng) is true = P(ng + 1) is true, then that property P(n) is
true for all naturals n. We can also define two operations (functions) inductively as follows:

(i) Sum/ Addition
Let +: N x N — N be given by the formula below

m+1=s(m) ifn=1
+(m,n)=m+n:= :
m+s(n):=s(m+n) ifn>‘1
(ii) Product/ Multiplication
Consider the function - : N x N — N given by

m-1=m ifn=1

-(m,n)=m+n::{

m-s(n)=m-n+m ifn>1

And with the ”order relation” < given by: m <n, for m,n € N then there exists a p € A/ such
that n =m +p.

With these one obtains all known properties of naturals regarding the sum, multiplication and
the order relation <. It must be stated that all properties are proven via the induction principle.
From now onwards we denote the natural numbers by N instead of N.

It is important to mention that what was given above is just a sketch of Peano’s theory of
naturals. For a more complete discussion refer to Analysis I by Terence Tao (Chapter 1)

1.2. Integers or Integral Numbers. The integers were invented to deal with "the problem
of debt” and for our purposes we briefly mention that they are constructed from N = N by an
equivalence relation on A/, which we won’t mention here but can be found at chapter 2 of Tao’s
Analysis 1 book. And after all formalities we obtain the set

Z={.,-1,0,1,..}
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1.3. Rational Numbers. The rationals is the next number system and it was invented to deal
with "the problem of dividing things equally”. But we only need to know it is formally con-
structed from integers by another equivalence relation on Z and after this rigorous construction
we can introduce the set of rationals as

Q:{m:meZ,neN}
n

With it in mind we can proceed to the next topic: consequences of the induction axiom

Since we assumed induction as an axiom, we mention one of its immediate consequences the
well-ordering principle in N which states that

Theorem 1.1. "every non-empty subset of N contains a smallest element.”

Proof Let S be only non-empty subset of N. We want to prove it contains a smallest element
(x € S such that x < A for all A €.S). Suppose there is no smallest element in S. Notice that
1 ¢ S because 1 € S is the smallest natural number (Why?). Then consider the following property
pertaining a natural number n P(n): for every k € N such that k <n, k¢ S. Then we see that
P(n) is a property pertaining naturals S for which: P(1) is true. And if P(n) is true, meaning
every k € N such that k < ng, we have that k ¢ S. If P(no+ 1) was false notice that there exists

some k = no + 1 and ke S; but we know from the induction step (the assumption that P(nyg)is

true) that no k < ng belongs to S (all kK <mng, k ¢.5), then k= no+landng+1eS

But this is impossible because ng + 1 would be the smallest natural of S, hence we reached a
contradiction. Therefore there is a smallest element in S.
Problem 1.1. Using the well-ordering of N, prove the following statements:

(1) Prove that for all natural numbers n, if n > 2, then n is either prime or the product of
prime numbers. Recall that a prime number is a natural number p greater than 1, whose
only divisors are 1 and p itself.

(2) Let n e N, a divisor of n is any natural number d such that there exists an integer k with
n=d-k. Consider the set D, = {d e N:d|n} of divisors of n. Prove that D,, has a least
element.
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2. ORDERED FIELDS

Definition 2.1. (Abstract Fields).
A field consists of a non-empty set I (called the set of F-numbers) and two operations (functions)
+:FxF —Fand -: FxF — F called addition/sum and multiplication/product, with the
following properties:

Axioms of Addition/Sum

A.1. For every x,y € F, we have +(z,y) = +(y, x).

A.2. For every x,y,z € F, we have +(x,+(y, 2)) = +(+(x,v), 2).

A.3. For every z € F, there exists 0 € F such that +(z,0) = +(0,z) = z.
A.4. For every x € F, there exists —z € F such that +(x,-z) = +(-z,z) = 0.

Axioms of Multiplication/Product

M.1. For every z,y € F, we have -(z,y) = -(y, x).

M.2. For every z,y, z € F, we have -(z,-(y,2)) = -(:(x,y), 2).

M.3. For every z,y, z € F, we have -(z,+(y, 2)) = +(-(z,v),(x, 2)).

M.4. For every x € F, there exists 1 € F - {0} such that -(z,1) =-(1,z) = z.

M.5. For every x € F — {0}, there exists 7! € F such that -(z,z71) =-(z7!,2) = 1.

Conventions: We use the following conventions for shorthand notations. For every z,y € FF,

we denote +(x,y) by x +y and -(z,y) by x-y. Additionally, for subtraction and division, we
define x -y := +(x, (-y)) and x/y :=-(z,y7!).

Problem 2.1. Show that additive inverse and multiplicative inverse of x € F are unique.
Solution 2.1. Suppose on the contrary that x € F has 2 additive inverses, this means +(x,y) =
0 =+(z,2). From the equality of +(x,y) = +(z, 2), we get, y = +(0, (-x)and z = +(0, (-z)). As
RHSSs are equal then LHSs are also equal: y = z.

By the same approach we get y =-(1,27!), 2 =+(1,27!) and then, y = z, proving uniqueness.

Problem 2.2. Prove that the 0 ¢ F and 1 € F are unique

Solution 2.2. 1. Assume that there is another additive identity 0’ € F. By using additive
identity property of 0 (from A3) — +(0/,0) = 0. Then, by using additive identity property
of 0’ (from A3) — +(0,0") = 0. Then from commutativity (A1), we have +(0’,0) = +(0,0"),
therefore 0" = 0.

2. Assume that there is another multiplicative identity 1’ € F. By using multiplicative identity
property of 1 (from M4) — -(1/,1) = 1’. Then, by using multiplicative identity property of 1’
(from M4) — -(1,1’) = 1. Then from commutativity (M1), we have -(1’,1) = -(1,1’), therefore
17=1.

Problem 2.3. Prove that every linear equation a-x + b =0 on a field has a unique solution.
Solution 2.3. Assume by contradiction that there are two distinct solutions z; and x5 for the
equation a-x +0b=0.

+(a,x1)+b=0 and +(a,z2)+b=0.
Subtracting the two equations, we get:
(+(a,71) +b) - (+(a,z2) +b) = 0.

Simplifying the equation:
+(a,x1) - +(a,z2) = 0.
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Therefore:
+(a, 1) = +(a, 7).
Using the inverse operation of addition, we subtract +(a,z3) from both sides:
T1 = T2.

This contradicts the assumption that x; # zo. Therefore, our assumption that there are two
distinct solutions is false.
Thus, the linear equation a -z + b =0 has a unique solution, which is given by:

x=-(a"t,-b).
Problem 2.4. Prove that -(0,2) =0 for every x € F
Solution 2.4. (0,2) = (1 + (-1),z) = +(z,-2) 20
Problem 2.5. Prove that -((-1),z) = —z for every z € F
Solution 2.5. -(1+ (-1),2) = +(-(1,2),-((-1),2)) = +(z,-((-1),2)) = 0 We know that additive
inverse of = is —z, then from equaility we will have -((-1),z) = -z
Problem 2.6. Prove that -((-z),(-z)) =(z,z) for every x ¢ F
Solution 2.6.

((=2), (-2)) =-(((-1),2),-((-1),2)) = -((-1),-(z,-((-1),2))) = -((-1),-(-(x, (-1)),2)) =
=-((-1),-((-1),-(z,2))) = -(((-1), (=1),-(z, 2)))

By problem 2.4 we know that -((-1),x) = —x for every x € F. Since 1 € F,-1 € F, then choosing
x = (-1) we find that -((-1),(=1)) = =(-1) = 1 because +((-1),-(-1)) = 0 and there is only one
element z € F such that +((-1),2z) = 0, which is x = 1. Hence, —(-1) = 1 and this shows that
((-x),(-z)) = (x,z) for every x € F

Definition 2.2. (Integer exponentiation in Fields).
For every x € F,n € N we define 2" inductively by the following recursive scheme:

b =
xntl =g

Problem 2.7. Prove that for every m,n € N the following properties hold
e pMtn — pnt+m
e MM = pnm

o pmv(n+z) — pmn., pmez

Solution 2.7. e We begin our induction by considering base case n = 1, 2™ = 2" - ¢ =
x-x" = x1*". Suppose that statement holds for all mg, ng such that 1 < mg,ng <m,n. We
are going to prove that z+(+1) = x(+D+m By induction statement we already know
that 2™+ = zn*m now if we multiply both sides with z, we get zm+n . gl = gmn+l =
gnrmrl = grrme 9o by induction 2™t = g™,

e For n =1 we have, x™1 = ™ = 2™ = 1", Assume that statement holds for mg, ny such
that 1 < mg,ng < m,n. We prove that (1) = g(n+1)m hut we already proven that
™t = g+ and here we have x™mntm = ymtmn,
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e Consider base case m = 1, meaning 2™ (%) = g"*+2 we also have ™™ = 2™ and 2% = 2%,
proving equality for the base case. Inductively we are going to prove that z(m+1)(n+2) =
gm+)n . p(m+l)z - We already have, ™ (%) = gmn . gm=z by multiplying both sides by

" - 2%, we get pm(n+z) L pn gz = (xmn . xn) . (mm-z . iL'Z) here we get, pm(n+z)+1l-(n+z) —
p(m+1)(n+z) = p(m+l)n . p(m+l)z

Now we begin the study of ordered fields

Definition 2.3. Let F be a field. We say that I is on ordered field if, and only if, there exists
a non-empty subset F'*, called set of positive F-numbers, of F with the following properties
O.1. For every a,b e F* we have +(a,b) =a+beF* and -(a,b) =a-beF*
0.2. Given only x € F exactly one of the following alternatives held
(a) x eFt;
(b) —x e F+;
(c) z=0;

Then we say that a < b, here a,b € F*, if and only if, b+ (-a) = +(b,(-a)) € F* (a < b is used
7a is less than b”). We also introduce the notation that a < b to mean that either a < b, or a = b.
The set F'*u{0} is called set of non-negative F-numbers, denoted Ff. The set F - Fj is the set
of negative F-numbers, denoted F;. Fj u{0} is the set of non-positive F-numbers, denoted by
Fy
Problem 2.8. (a) Show that if x > 0, then —z < 0. Likewise, if <0, then —x > 0.

(b) Show that if > 0, then 7! > 0. Show that if z > 1, then 27! < 1.
Solution 2.8. (a) z > 0, +(z,(-x)) > +(0,(-x)) — 0 > —z, and if z < 0, +(z,(-2)) <
+(0,(-z)) — 0 < -z (b) x > 0, -(z,z7') > 0, as we have z > 0, then automatically =1 > 0.
If we have x > 1, by multiplying each side by z=! we get z71 < 1.
Problem 2.9. Prove the following ”algebra” rules for inequalities in a field
(1) ifa<band ceF then a+c<b+¢;
(2) ifa<band ceF* thena-c<b-c;
(3) if a<b and b< ¢ then a <¢;
(4) Given any a,b € [F exactly one of the following statements hold:
(). a<b; (ii). b<a; (iii). b=a
Solution 2.9. (1) a,beF* a<b<= +(b,(-a)) e F*, we can have a +c < b+ ¢ if and only if
we have +(b+c¢,—(a+c)) e F*
+(b+c,=(a+c)) = +(+(b, (=), +(c, (=¢))) = +(b, (-a))

and we already know that +(b, (-a)) e F* = +(b+¢,—(a +¢)) € F* also;

(2) a,b € Fria < b < +(b,(-a)) € Fr;c € Fra-c < b-c < +(bc,—(ac)) € F «<—
(¢, +(b,(=a))) € F*. As we have +(b,(-a)) € F*,c € F*, their product will also be in
F+.

(3)
a<b =+(b(-a))elF*
{b <c =+(c,(-b)) eF*
Then their sum will also be in F'*:
+(+(b,(=a)),+(c,(=b)))=b-a+c-b=c-a
So we have +(¢, (-a)) € F* and this means a < ¢;
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(4) We will present 2 solutions for this part of the problem:
Solution 1. Suppose on the contrary that 2 or all of them hold, then we have

(a)
a<b= +(b,(-a))eF+

b<a= +(a,(-b)) eF*
(b) Now suppose a < b and a = b hold, (from symmetry bja and a=b will be the same).

} = 0 e F* (Contradiction)

a<b—+(b(-a))eF* “%% 0 ¢ F*Contradiction

(¢) Now suppose all hold. It is evident that from a = b case we will again have 0 € F*,
so contradiction in this case also.
We got contradiction for all assumptions, then we have only one of them to hold.

Solution 2.  We know that +(b,(-a)) € F for any a,b € F. And we have probabil-
ity of its sign to be negative, positive or rather to be equal to 0 in equality case. And
these all consequently mean: a < b for positive, b < a for negative, and a = b for 0.

We can introduce the notion of intervals and bounded sets in any ordered field. In analogy
with intervals studied in other subjects of high school mathematics we can introduce a notion
of intervals in any abstract ordered field. For that let a,b € F then we define

o [a,b]p ={x eF: a<xandx <b}, which is the closed interval (in IF) of end-points a
and b.

e (a,b)p={xelF: a<uzand x<b}, which is the open interval (in F) of end-points a and
b

o (a,b]p={zeF: a<xand z<b}, which is the half-open (open on the right/closed on
the left) interval (in F) of end-points a and b.
e [a,b)p={xeF: a<xand x<b}, which is the half-open (open on the right/ closed on
the left) interval (in F) of end-points a and b.
We can also introduce the following intervals (in F):
o (o0, b]p={xeF: xz<b};
o (—oo,b)p={xeF: x<b};
o [a,+0)p={zeF: a<zx};
o (a,+0)p={xelF: a<z};
o (o0, 400) = F
The first four intervals (in F) are called bounded intervals; and the last five intervals (in F)
are called unbounded intervals.

Observe that in the definition above we could have a = b. Then the [a,a]p = {x €eF: a<
xand x <a} = {a},(a,a)p={reF: a<xand x <a} =a. Then in our definition of interval
single element and the empty-set are intervals (in IF). We call them degenerate intervals (in F);
any interval (in F) which is not degenerate we call them, non-degenerate intervals (in IF) (only
non-degenerate interval contains at least two distinct points).

Problem 2.10. Show that a nondegenerate interval contains infinitely many points.

Solution 2.10. Say I ¢ F is any non-degenerate interval. For definiteness suppose I = [a,b]F

and a < b. Notice that if 2:=1+1=+(1,1) € F and the point (a+b)-27! € F because a+beF
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(since a,b € F and the sum of any two elements of F is on element of F) and 2 # 0 hence there
exists a multiplicative inverse of 2, and it belongs to F (27! € IF). We also have that a < (a+b)-27!
and (a+b)-271 <b. Then put p; =a,pa=b,p3=(a+b)-271 py=(p1+p3)-27,ps = (ps+p1)-271,
oo P = (p1+pn-1) 27! for n > 1. Each one of these points p; belong to F because they are all
”middle points” of end-points in I. Then there are infinitely many points in I = [a,b]r

P, P, P5 P,

Definition 2.4. Let IF be an ordered field, a,b € F. Then maz{a, b}, read the maximum between
a,b, is the element of I defined by

a if b<a;
mazx{a,b} =ia=0b ifb=q;
b if a<b.
The min{a, b} is the element of F defined by
b if b<a;
min{a,b} = {a=0b ifb=q
a if a <b.

Then we define the obsolute value of any element x of an ordered field F' being the non-negative
F-number

x, if —x<ua; x, if0<uwz;
| x |=max{x,-x} = {-x=x, if —z=x; = {0, ifxz=0;
-, if v <—-u. -z, ifx<0.

Definition 2.5. Let F be any ordered field and a € F,b € F. We say that |a—0b|=| a + (<)) | is
the distance between the points a and b.

Theorem 2.1. (Triangle Inequality on ordered fields).
For every a € IF,b € F, where [F is an ordered field, we have the following

la+b|<|al+]0].
Proof. We want to prove that given a,b € F the inequality below holds
max{a+b,—(a+b)} <max{a,-a} +max{b,-b}

Note that either a >0 and 6>0,a>0and b=0,a>0and b<0,b>0and a >0, b>0 and a =0,
b>0and a<0,a=0and b>0,a=0=5b,a=0and b<0.
With some thinking we observe that we just need to prove the following cases:
(1) a>0,b>0;
(2) a>0,b=0;
(3) a>0,b<0;
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(4) a=0=0b.
For 1. note that a > 0,b > 0 we have | a |= a,| b|. Since a+b >0, | a+b |= a+b. Thus
la+bl=a+b=|a|+]|b]|. For 2. we have that a >0,b=0, then |a|=a,|0]|=0and a+b=a>0.

Therefore |a+b|=|a+0|=|a|=a+0=|a|+]|b]|
For 3. since a >0 and b <0 we have | a |=a,| b |= -b. Since b < 0 < —b, we have, by adding a to
the inequality, that a+b < a <a-b=|a|+|b|. But —a <0< a, hence —(a+b) < -b<a-b=|a|+|b].
From the definition
la+b|=max{a+b,-(a+b)}<|a|+|b]
U

Now we turn to the study of completeness in an ordered field F. This property will be properly
defined shortly, but for now, we examine a classical result attributed to the Pythagorean school.
To fully appreciate their contribution, we must first consider how numbers were understood
in their time: The ancient Greeks primarily interpreted numbers as lengths of line segments or
magnitudes, rather than as abstract algebraic entities as we do today. This geometric perspective
strongly influenced their approach to mathematics and underpins many of their insights into
the nature of numbers and magnitudes. Before that we need the following lemma

Lemma 2.1. For any integer n, the following statements hold:

(1) If n is even, then n? is even.
(2) If n is odd, then n? is odd.

Furthermore, the converse is also true:

(1) If n? is even, then n is even.

(2) If n? is odd, then n is odd.

Proof. Let’s prove these statements:
Case 1: If n is even, then n? is even.
If n is even, we can write n = 2k for some integer k. Squaring n, we get:

n? = (2k)? = 4K2,

Since 4k? is clearly divisible by 2, it is even. Thus, if n is even, then n? is even.
Case 2: If n is odd, then n? is odd.
If n is odd, we can write n = 2k + 1 for some integer k. Squaring n, we get:

n? = (2k +1)? = 4k* + 4k + 1 = 2(2k* + 2k) + 1.

Notice that 2(2k? + 2k) is even, and adding 1 to it gives an odd result. Therefore, if n is odd,
then n? is odd.

Now, let’s prove the converses:

Case 3: If n? is even, then n is even.

Suppose n? is even. This means that n? is divisible by 2. We proceed by contraposition: if n
were odd, we would have n = 2k + 1 for some integer k, and squaring it:

n? = (2k +1)? = 4k* + 4k + 1.

This expression is clearly odd because it is of the form 2m + 1 for some integer m. Hence, if n?
is even, n must be even.
Case 4: If n? is odd, then n is odd.
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Suppose n? is odd. This means that n? = 2m + 1 for some integer m. Again, we proceed by
contraposition: if n were even, we would have n = 2k for some integer k, and squaring it:

n? = (2k)? = 4k*.

This expression is clearly even, as it is divisible by 2. Hence, if n? is odd, n must be odd.

O
Theorem 2.2. There exist a non-rational number /2.

Proof. Note that in a right triangle of sides a = b =1, and hypotenuse ¢ the hypotenuse can be
found by the Pythagorean theorem: ¢? = 12 + 12 = 22 = 2, where ¢ is the number associated to
the length of the hypotenuse of that triangle. We claim that ¢ is not a rational number. For
suppose, for a contradiction, that c is rational, so ¢ = %’ for certain p € Z,q € N. Select p, g such

that ged(p,q) =1, then § is said to be an irreducible fraction. Then ¢? = ’;—2 =2.
Since p? = 2¢%, p must be even, that is p = 2k. So p? = 4k? = 2¢%, and then ¢? = 2k2. Then q is
also even, which contradicts ged(p, ¢) = 1. Hence there is a non-rational number. O

Problem 2.11. Prove that there is no rational number whose square is 3.
Solution 2.11. Suppose, for the sake of contradiction, that there exist integers p and ¢ such
that ged(p,q) =1 and

%

(-

q
Then, squaring both sides, we obtain:
2

—=3 = p? = 3¢°.
q
This implies that p? is divisible by 3. Since 3 is a prime number, if a square is divisible by 3,
the number itself must also be divisible by 3. Thus, we conclude that p must be divisible by 3.
Therefore, we can write:
p =3k
for some integer k. Substituting p = 3k into the equation p? = 3¢?, we get:
(3k)*=3¢> = 9k*=3¢> = 3k’=¢%

This shows that ¢? is divisible by 3, implying that ¢ must also be divisible by 3.

However, this contradicts our initial assumption that ged(p, q) = 1, because if both p and ¢
are divisible by 3, their greatest common divisor must be at least 3. Hence, we have reached a
contradiction, and we conclude that no such rational number exists whose square is 3.

Problem 2.12. We have learned that every nonempty open interval I c R contains a rational
number. Prove that in fact I contains infinitely many rational numbers

Solution 2.12. We have nonempty finite interval I ¢ R, (a,b) with finite number of rationals
{q1,42,43, -, qn-1,qn}. Then if we choose any pair of rationals from this set, WLOG (q¢1,¢2)
we will have a rational number. Thus, contradicting our initial statement on infinitely many
rationals.

Problem 2.13. Prove that the set R\Q of irrationals is dense in R.

Solution 2.13. Q is dense meaning for all a,b € R we have x € Q such that a < x <b. Given any
interval (a,b) € Q choose any positive irrational number z, let’s say /2. By density of rationals
we will have rational number « in the interval (4, g) so that zz lies in interval (a,b) and zz is
irrational
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Problem 2.14. Let A, B, and C be sets.

(1) Show that A «~ A (relation + is reflexive)

(2) Show that if A~ B, then B ~ A (~ is symmetric)

(3) Show that if A« B and B «~ C, then A~ C (+ is transitive)
Solution 2.14. (1) A has same cardinality with itself, so we can denote it by relation -,

A A

(2) A~ B means A and B have same cardinality, meaning relation B «~ A also holds.

(3) A~ B,B«~C means #A =#B,#B = #C, thus #A = #C". Denoted by A - C.
Problem 2.15. Find the suprema and infima of the following sets.

(1) {7 :neN}
(2) {5:reR, x>0}

(3) {371% :n e N}
(4) {Z:m,neN,m+n<10}
(5) {2z -2%2:0<x <2}
Solution 2.15. (1) For n =1 we have 2= = ; and it is the smallest value we can get, thus

infimum. Observe that -2 <1 for all n € N, thus sup(S) = 1,inf(S5) = 1

(2) Asx —> 00, == — 1. As v — 0%, =% — 0. Thus, sup(S) = 1,inf(S) =0
(3) If n approaches oo, then 3n? + 5 — oo, and consequently ﬁ — 0. Additionally, we
get the greatest value of our set with n =1, %. Thus, sup(S) = %, inf(S)=0
(4) We get the greatest value - sup(S) = 9, with n = 9,m = 1, and the lowest value -
inf(S) = 5, with n=1,m =09.
(5) We can simplify it to (2 - z). And when x = 1, we get sup(S) = 1. If x — 0 or
r — 27, we get inf(S5) =0
Problem 2.16. Let A c R be nonempty and bounded above. Let ¢ € R. Show that B = {z +¢:
x € A} is bounded above and that sup(B) = sup(A) + c.

Solution 2.16. Ac R, A #. A is bounded above, meaning for all m € A we have m <n. Then
for B={x+c:2z¢eAceR} we have for all (m+c¢) e B— s+c<x+c— s<ux, 80 B is
bounded above. Denote sup(A) = a, then for all £ >0 we have some m € A such that a — e < m.
Let sup(B) =b, for all e >0, b—e <m+¢, b—c—¢e <m. It means supremum of A is equal to
b-c, thus b=a+c. Done

Problem 2.17. Suppose A, B c R are nonempty and bounded above, with B ¢ A. Show that
sup(B) < sup(A).
Solution 2.17. B c A, every element of B is also in A. Let sup(A) =a, for all ¢ >0,a - ¢ < z,
for some x € A. Let sup(B) = b, for all € >0,b - < x, for some = € B. Since B c A All upper
bounds [ of B are also upper bounds of A, supremum of A is upper bound of B. Concluding,
sup(B) <sup(A)
Problem 2.18. (a) Let A, B c R. If sup(A) < sup(B), prove that B contains an upper bound
for A.

(b) If sup(A) < sup(B), is it true that B contains an upper bound for A?
Solution 2.18. (a) sup(B) is the least upper bound in B, meaning no upper bound in B is less
than sup(B) and it is greater sup(A), A’s least upper bound. sup(A) - ¢ < a < sup(A). Take
b € B such that sup(A) < b <sup(B). It gives a < sup(A) < b, meaning b is upper bound.

(b) sup(A) < sup(B)
For all € >0, sup(A) —e <a <sup(A) <sup(B)
We get a < sup(B), meaning sup(B) is an upper bound.
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Problem 2.19. Let A and B be nonempty subsets of R, bounded above, such that for every
a € A there is b € B with a <b. Show that sup(A) < sup(B)
Solution 2.19. In 2.7 we already shown that for A ¢ R, and bounded above, ¢ € R, and
B={x+c:xe A} implies sup(B) =sup(A) + c. As here ¢ >0, we are having sup(A) < sup(B)
Problem 2.20. Let A c R be nonempty and bounded below. Let B be the set of lower bound
of A. Show that B is bounded above. What is sup(B) 7
Solution 2.20. Let [ be the bound of A (means for all a € A;a >1) and B = {ly,ls,...,1,,}.
Suppose on the contrary there is no upper bound in B. It meas for all [; we will have at least
one [; such that [; > [; when [; is greater than others. But consequently it means [; is upper
bound. Denote sup(B) = lx, and it means for all € > 0,1, —& <l; < ly. inf(A) >[; for all [; € B by
definition, and it meas sup(B) = inf(A)
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3. SETS(NON-AXIOMATIC), FUNCTIONS

A set is a primitive notion, meaning it is not defined in terms of simpler concepts. In this
sense, a set is one of the most fundamental notions in mathematics. The term ”collection” is
often used synonymously with ”set.” A set can be viewed as a collection of objects, called its
elements. A set may either have elements or may not. If it has elements, it is called a non-empty
set. If it has no elements, it is called the empty set, denoted by @.

A set is uniquely determined by its elements, meaning that a set is defined entirely by the
objects it contains. This can be done either by explicitly listing the elements of the set or by
describing a property that characterizes all of its elements. Given a set, we typically denote it
with an uppercase letter from the Latin alphabet, and its elements are denoted by lowercase
letters. If A is a set and x is an object, then either x is an element of A, denoted x € A, or x is
not an element of A, denoted x ¢ A.

The universe of discourse refers to the set of all elements that are relevant to a partic-
ular discussion or problem. It provides the context for the set by specifying the domain or
collection of objects under consideration. By fixing a universe of discourse U, we establish the
scope of elements being discussed, ensuring that all sets, relations, and properties are properly
contextualized.

A set is often defined within this universe by specifying a property P(z) that characterizes
all of its elements. The set then consists of all elements x in the universe U that satisfy the
property P(z). The set can be written as:

A={zeU:P(x)}

This notation indicates that A is the collection of all elements x in the universe U for which the
property P(z) holds true.

Example 3.1. Consider the set of all boys in a particular school. This set contains all male
students in that school, and the defining property of the set is that an element of the set is a
male student in the school.

Thus, the universe of discourse defines the context in which the set and its elements are
understood, ensuring that the set is well-defined within the scope of the problem.
Definition 3.1. (Elementary Notions).
Given two sets A and B, we say that A and B are equal, denoted A = B, if and only if every
element of A is an element of B and every element of B is an element of A. In other words, for
all x € A, we have x € B, and for all y € B, we have y € A.

We say that A is a subset of B, denoted A c B, if and only if every element of A is also an
element of B. We can also say that A is contained in B. When there is at least one element of
B that is not an element of A, we say that A is properly contained in B, denoted A ¢ B.

We say that A is not a subset of B, denoted A ¢ B, if and only if there exists at least one
element of A that is not an element of B.
Example 3.2. Let A={1,2,3} and B ={1,2,3,4}.
e Every element of A is also in B, so we have A c B.
e Additionally, A # B because B contains the extra element 4. Thus, A ¢ B (the inclusion
is proper).
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Example 3.3. Let A={1,2,3} and B ={4,5,6}.
e An B =@, meaning there are no common elements between A and B.
o Therefore, A¢ B and B ¢ A.
Example 3.4. Let A ={1,2,3} and B=1{1,2,3,4,5}.
e A C B, meaning that every element of A is in B.
e However, A # B since B contains elements 4 and 5 that are not in A, so the inclusion
A ¢ B is proper.
Example 3.5. Let A ={a,b,c} and B ={a,b,c,d}.
e Since there is at least one element in B (namely d) that is not in A, we have A ¢ B (the
inclusion is proper).

Now we define some ”operations” one can perform with sets

Definition 3.2. (Set theoretical Operations).
Given sets A, B we define
(1) Their union (logical sum) being the set of all elements belonging an either A or B, that

is
AuB:={x:xeAorxeB}.

B

(2) Their intersection (logical product) being the set of all elements that belong to both A
and B, that is
AnB:={x:xe€Aand z € B}.

A B

If An B =@ we say that A and B are disjoint.
(3) The difference (logical negation) of B and A is the set of all elements of B which do not
belong to A, that is
B-A=B~NA={r:reBand x¢A}.

When A ¢ B we say that B — A is the (logical) complement of A relative to B and we
denote it by CpA (or A¢) when it is clear that the complement is taken with respect to
B.
(4) A cartesian B to be the set of ordered pairs (a,b) such that the first entry of (a,b), that
is b, is an element of B. In symbols it is written as

AxB:={(a,b):aecAandbe B}
We say that (a,b) = (¢,d) if, and only if, a = c and b =d.
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Problem 3.1. Prove each one of the following operating rules for sets:
e AnB=BnA;AuB=BUA
Proof. Let € AuB, then x € A or x € B. Definitely x € B or x € A, if it wasn’t true
then = ¢ B and x ¢ A, but we know that x € A or x € B, which makes x ¢ B and = ¢ A
false. Hence x € B or x € A, meaning x € BuA. The other inclusion, that is BUAc AuB
can be proven using the same ideas. So Au B = BuU A.

Now if y € An B we have that y € A and y € B. We claim that y € B and y € A. For

if it wasn’t the case then y ¢ B or y ¢ A. But we know that y belongs to both A and B.
Therefore the assumption that y ¢ B or y ¢ A must be false, in other words y € B and
y € A. This proves that An Bc Bn A.

e An(BnC)=(AnB)nC
Proof. For An(BnC) we have z € A and z € (Bn ('), and it means = € A and (z €
B and z € C). On the other hand, for (An B) nC we have v € (An B) and x € C, and
reAand z e B and x € C. If it is not true we will have x ¢ A or x ¢ B or x ¢ C, which
fully contradicts the first statement. So, equality holds.

e Au(Bu(C)=(AuB)uC
Proof. For the left-hand-side we have x € A or x € (Bu ('), which means x € A or x €
B or x € C. For the right-hand side we have z € (An B) or z € C. If the first statement
is false, then we have z ¢ A and x ¢ B and x ¢ C', which definitely contradicts the right-
hand-side statement, proving our equality.

e An(BuC)=(AnB)u(AnC()
Proof. Meaning of the left-hand-side is, v € A and x € B or x € C. We want to prove
that it is equal to (x € A and x € B) or (x € A and x € C'). Assume by contradiction
that (x ¢ Aor z ¢ B) and (z ¢ A or x ¢ C'). But we know that x is at least in A. So our
assumption is false, and equality holds.

e CN(AnB)=(C~A)u(C\B)
Proof. LHS means x € C and (z ¢ A and x ¢ B). Assuming the inverse of the right-
hand-side is true, we get that (x ¢ C' or z € A) and (x ¢ C or x € B). But from LHS we
already know that x € C', so our assumption is false and equality is proved.

Problem 3.2. Find what are the following sets
(1) Ax(Bu()
BuC:={x:xeBorxeC}
Ax(BuC)={(a,b):aeAand (be BorbeC)}

(2) Ax(Bn()
BnC:={x:xeB and x€(C}
Ax(BnC)={(a,b):acAand (be Band be(C)}

(3) Ax (C-B)
C-B={zx:xeC and z ¢ B}
Ax(C-B)={(a,b):aeAand (beC and b¢ B)}

(4) (C-A)x(B-C)
C-A={r:zeCandz¢A}
C-B={zx:xeC and x ¢ B}
(C-A)yx(C-B)=A{(a,b):(aeC and a ¢ A) and (be C and b¢ B)}
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Definition 3.3. A function between sets A and B is a triple (A, f, B), consisting of a domain
(source set A), a codomain (target set B), and a rule f', which associates every element of A
with exactly one element of B. For practicality, we denote a function (A, f,B) by f: A— B.

Two functions (A, f, B) and (C, g, D) are equal if and only if A=C, B = D (equality of sets),
and f and g assign the same output for every input.

Given a function f: A — B, we say that y € B is the image of an element x € A if and only
if y = f(x). The image set of the function f is the set of all y € B such that y = f(z) for some
x € A. In symbols:

f(A)={yeB: forsome z € A,y=f(x)} ={f(z):xe A}

We also say that f(A) is the image of A under f. If C' c A, the image of C under f is defined
as:

F(O)={f(z):xeC}.

(C Y= (o

Let D c B and f: A — B be a function. The preimage of D under f consists of all z € A
such that f(x) € D. In symbols:

fHD)={zeA: f(zx)eD}.
The preimage of an element b € B, denoted f~1({b}), consists of all z € A such that f(z) =b.
In symbols:
fH{b}) ={zeA: f(z) =b}.
Example 3.6. Let A = {1,2}, B = {7,8,11,27}. Consider the function f : A — B given by
f(1):=27 and f(2):=8. What is the image set of f? What is f~1({7}), f~1({7,8,27})?
The image set of f is the set of all image points of A. These are the values f(z) for z € A.
We have f(1) =27 and f(2) =8, so the image set is:

f(A) ={8,27}.
The preimage of a set S € B consists of all z € A such that f(x) € S. For f~1({7}), since there
is no z € A with f(x) =7, we have:

=2

For f~1({7,8,27}), we find all = € A such that f(z) € {7,8,27}. We know that f(1) = 27 and
f(2) =8, so:

({78,273 = {1,2}.
Example 3.7. Consider f(z) = “;2+_24 for every x # {-2}, and here the codomain is R. Find the
image set of f. The inverse image of the set I =[2,200), and of J ={2n:n € Z}

Note that f=1(I) = [4,202), because for all x € [4,202) we have f(x) = x -2 € [2,200).
For f~1({2n : n € Z}) notice that x € f~'({2n : n € Z}) means f(z) € {2n : n € Z}, that is
f(x) =2n for certain n € Z. But f(x):=x -2 then z-2=2n,so x=2+2n and = +# -2. Hence
fH{2n:neZ})={2+2n:neZ|{-4}}.

INote that the rule f does not need to be expressed as a formula; it can simply be given as a descriptive
statement.
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Definition 3.4. Regarding the nature of the rule/law of definition of f : A — B, we have 3
important types:

e One-to-one functions / injective functions:

We say that f is a one-to-one function or that it is injective if and only if the following
statement is true:

If f(a) = f(a) for certain a,a € A, then a = a, or that for all a,a € A such that a # a,
we have f(a) # f(a).

e Onto functions / surjective functions:

We say that f is onto or that it is surjective if and only if for every element b € B,
there exists an element a € A such that f(a) =b. In other words, the image of f is the
entire set B, or f(A) = B.

e One-to-one correspondences / bijective functions:

We say that f is a bijective function if and only if it is both injective and surjective.
That is, for every b € B, there exists exactly one a € A such that f(a) = b. In other words,
f is a one-to-one correspondence between the sets A and B.

Example 3.8. Let f:R - R be given by f(x) := 23 for every x € R. Note that f is an injective
function because if we have f(z1) = f(x3) for certain z1, x5 € R, we have 23 = 23, or equivalently
x3 — 3 =0. This can be factored as:

23— 3 = (21 — 2) (22 + 1129 + 23).

Now, if 21 # 29, then the factor 22 + 129 + 23 is strictly positive. To see this, observe that:
1
T3+ 3T + 25 = 3 ((z1 = 32)* + (21 + 22)?).

Both terms on the right-hand side are non-negative, and the first term is strictly positive unless
x1 = z9. Hence, 22 + x129 + 23 > 0 whenever z; # x,.

Therefore, if f(x1) = f(x2), we must have x; = 9, which proves that f is injective.
Example 3.9. (The Matching Socks).
Imagine you have a basket of socks with 5 different colors: red, blue, green, yellow, and purple.
You are tasked with pairing them up with 5 different shoes, each corresponding to a specific
color.

e The Set of Socks: {red, blue, green, yellow, purple}
e The Set of Shoes: {red shoe, blue shoe, green shoe, yellow shoe, purple shoe}

The Bijection (One-to-One Correspondence): You can assign each sock to exactly one shoe
and vice versa, without any repetition or omissions. For example:

e Red sock goes with red shoe

e Blue sock goes with blue shoe

e Green sock goes with green shoe
e Yellow sock goes with yellow shoe
e Purple sock goes with purple shoe

In this case:

e Injectivity: No two socks share the same shoe. If two socks were to share the same shoe,
it would violate the one-to-one nature of the function.
e Surjectivity: Every shoe has exactly one sock. No shoe is left without a matching sock,
so the function is onto.
Since the function is both injective (one-to-one) and surjective (onto), we have a bijection.

There’s a perfect pairing between socks and shoes.
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Problem 3.3. Prove that if f: A — B is a one-to-one (injective) function then the function
f:A—s f(A) given by f(z):= f(z) for all z € A is a one-to-one correspondence (bijective).
Solution 3.1. For suppose that f(z) = f(y) for certain z,y € A. We have, by the definition of
f, that f(z) = f(y) and using that f is a one-to-one function (injective) we conclude that x = y.
Then f must be a one-to-one function. In order to prove surjectivity of f , we must show that
f(A) = f(A). By definition of function the following inclusion is immediate f(A) c f(A), the
other inclusion is the one we need to work a little more. If y € f(A) there exists x € A such that
y = f(x), thus f is surjective.
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4. COMPLETE ORDERED FIELDS

Definition 4.1. Let F be any ordered field, and H ¢ F. We say that H is bounded (in F) if,
and only if, there exists a,b € F for which H ¢ [a,b]r. If H is not bounded we call it unbounded
(in IF).

Example 4.1. Consider F = R and H == {% :n € N}. Note that for all n e N, <1 and % > 0.
Therefore every x € H is in (0,1], meaning H ¢ (0,1] so H is bounded (in R)

R

o
S|= =
DN =

=

Definition 4.2. Let F be any ordered field, and H ¢ F. We say that H is bounded above (in
F) if, and only if, there exists some [ € F such that for all z € H we have = <[. Any F-number
v € F such that for all z € H the x < v is called an upper bound of H (in F). In practical terms
H is bounded above if, and only if, there is [ € F such that H ¢ (—o0,].

Similarly we say that H is bounded below (in ) if, and only if, there exists some m € F such
that for all x € H the m <x. Any F-number 6 € F such that for all x € H we have 6 < x is called
a lower bound of H (in F).

Definition 4.3. Let [ be any ordered field, and H ¢ F. We say that a number « € [ is a least
upper bound of H if, and only if, « is an upper bound of H and for every upper bound v of H
we have a < w.

We can also call « the supremum of H (in F) and denote it by « =1ub(H) = sup(H)

It must be observed that « is unique for if & was a least upper bound of H, & is an upper
bound of H, and if v is an upper bound of H o € F < v. In particular « is an upper bound of
H, hence a < a. Similarly we have a < a. So a = a.

Note that if H ¢ F and « is its least upper bound then x < o cannot be an upper bound of
H. But x not being an upper bound for H means that not all elements of H are less than or
equal to z, so there is (at least one) element of H, say h, such that x < h < . Therefore « is a
least upper bound of H if, and only if, for every x < a there exists h € H such that x < h < a.

F

. i r
0 X a
S

not an upper bound of H

»
Lt
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Proposition 4.1. In any ordered field F, where H ¢ I, o € F is the least upper bound of H if,
and only if, for every € > 0 there exists some h € H such that a—e <h <a.

Proof. ( <) Say that « € F is a least upper bound of H. Then, by definition no x < v is an
upper bound of H, that is, there exists (at least one) element ¢ € F such that x < < «. Then
given any € > 0 we know that a — e < a therefore o — ¢ is not an upper bound of H, so there
exists h € H such that a —e < h < «a. Thus the first implication is proven.

( <= ) Suppose that for all € > 0 there exists h € H so that & —¢ < h < a. But then if z < «,
note that for ¢, = a—x > 0 we have that r = o — ¢, < . Then for € = ¢, > 0 there exists h, € H
such that x = a -¢, < h; <a. So a must be a least upper bound. O

Definition 4.4 ((infimum / greatest lower bound)). Let F by any ordered field, and H ¢ F. We
say that a number 5 € F is a greatest lower bound of H if, and only if, 5 is a lower bound of H

and if n is a lower bound of H we have that < 8. Thus no = < Bcan be a lower bound of H.
We can also call § the infumum of H (in F) and we denote (= inf(H) = glb(H).

Similarly to the supremum / least upper bound we can prove that if the infumum / greatest
lower bound of H exists then it is uniquely determined.

Proposition 4.2. In any ordered field F, where H ¢ IF, § € F is the greatest lower bound of H
if, and only if, for every £ > 0 there exists some h € H such that S <h< g +e.

Proof. (=) Suppose that § € F is the greatest lower bound of H, then for all h € H we have
< h (B is alower bound of H) and for every lower bound v of H we have v < f3.

Given any € > 0 the § +¢ € F cannot be a lower bound of H, because all lower bound of H are
less than or equal to § and f < [ + ¢.Therefore there must be (at least one) h € F for which
h < B +¢e. And since g is a lower bound of H, # < h. First implication is proven.

(<) Suppose for all € > 0 there exists h € H such that § < h < 8+ ¢e. But then if 2 > § note
that for e, = x — 8 we have that x = ¢, + # > . Thus, for € = ¢, > 0 there exists h, € H such that
r=€,+0>h,>[. So [ must be a greatest lower bound. O

There exists an ordered field R 2 @Q such that for every non-empty subset of R, say B, bounded
above then B has a least upper bound (supremum) and it belongs to R.
We call R the set of real numbers (when we view it as a set) or real field (when we view it as

an ordered field).

Proposition 4.3. In R every non-empty subset B of R, which is bounded below (in R) has a
greatest lower bound and it is a real number.

Proof. Let B ¢ R be non-empty and bounded below. Define -B = {-b € R: bB}. This -B #
because B # and since B is bounded below there exists x € R for which statement x < b is true
for all b € B. But this is equivalent to —b < —x for all b € B. Therefore -B is bounded above.
By the completeness axiom we know that every non-empty subset of R which is bounded above
has a least upper bound (supremum) in R. Hence the A := lub(-B) = sup(-B) exists in R and it
means that for all —-b € —B, for b € B we have —b < X for all b € B and if v € R is an upper bound
of -B we have A < v. As a result -\ < b for all b € B meaning that —\ is a lower bound for B.
If # € R is a lower bound of B notice that —f € R is an upper bound of —B because 0 < b for all
beB, so -b< -0 for all be B. We know for a fact that any upper bound of B is greater than or
equal to A, thus \ < -0, or equivalently 6 < —\. This shows that —\ is the greatest lower bound
(supremum) of B and that

—sup(-B) = -lub(-B) = -\ = glb(B) = inf(B)

O
20 October 2024



Nihad Hashimov, AMMOC Azerbaijan Mathematical Analysis Studies

The preposition above guarantees that the completeness axiom in R also guarantees the
existence of glb/inf for non-empty subsets of R that are bound.

Why the need for completeness 7 At first we need it for practical reasons. For example we
consider the subset of positive rationals {r e Q*r2? > 2} = K. It is clear that 2 € K because 2 € Q*
and 22 =4 > 2, so K #. Is it bounded below in Q@ ? Notice that 1 ¢ K and every r € K satisfies
the following 1 < r, otherwise if there was o € K such that ro < 1 then we would have r2 < 1, but
since 7o € K then 72 > 2. This contradiction guarantees that K is bounded below (in Q).

Hence it is non-empty and bounded below. But it does not have greatest lower bound in Q.
For suppose that K = {r e Q* r2 > 2} has a rational greatest lower bound, let’s call it «. Either
a?>2 or a? <2, a? =2 is impossible.

If a? > 2 consider « + %, where we want to determine the n € N such that all r € K satisfy
o+ + <r. For this to be true the following must happen, 2 < (o + )% <72,

Notice that (a+ )2 =a?+ 22 + L > a2+ 22 If we make o2 + 22 > 2, then (a+1)2> 2. For
a? + 2704 > 2 we must pick n € N such that n > a%fz (in fact solving the inequality a? + 2% > 2 for
n we find that n must be taken as above).

Then we found that o + % € Q is also a lower bound of K, contradicting the fact that « is
infimum/ glb of K.

Theorem 4.1 (Archimedean property). The following statements are (logically) equivalent

(1) N are not bouned above in R.
(2) For every z >0 there exists n € N such that 0 < £ <.
(3) For every x € R,y € R such that y > 0 there exists n € N such that z < ny.

Proof. We have to prove that (i) <= (i) and (i1) <= (iii). For that we prove that
(i) = (i7), then that (i1) = (ii7), finally that (i) = (i).

Assume (7). That is, N is not bounded above in R. Note that if N was bounded above in
R there would be some ( € R such that for all n € N we would have n < (. Then N not being
bounded above in R means that for every A > 0 there exists ng € N such that A < ng. Now given
any x > 0, we have that % > (0. Therefore, by the previous observation there must be n € N such
that 1 < n, in other words there exists n € N such that 1 <n, and this shows (i) == (i).

Now suppose that (7i7) holds, that is, for every a > 0 there exists n € N such that 0 < % <a.
Given any x € R,y € R such that y > 0 we want n € N such that x < ngy. By check either
x<0,z=0o0r x>0.If x <0 note that ny > 0 for all n € N because y > 0 and of mathematical
induction then there is nothing to prove. So we can suppose without loss of generality that
x> 0. Note that by the properties of an ordered field the £ > 0. Then applying (i) for £ = y-z!
we find ny € N such that 0 < nio < £ That is, we found ng € N with = <ngy. So (ii) == (ii).

Now assume (7i7). Then for any ¢ > 0 there exists n € N such that n =n-1> (. If N was
bounded above in R this couldn’t happen, then the only conclusion we can make is that N is
not bounded above (in R).

Finally we have (i) = (i1) = (i11) = (i), and we are done. O

Definition 4.5. Let X € R. We say that X is dense in R if, and only if, for every non-empty
open interval I if R we have X n [ #. That is for every a,b € R with a < b we have X n (a,b) #;
or that for every a,b € R there exists some x € X such that a <z <b.

[ x N R
\ ) J ]
a b
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Theorem 4.2. Q is dense in R, that is, any two real numbers z,y with x < y there exists (at
least) one r € Q such that x <r <y.

Proof. Note that >0,y >0or x =0,y >0or <0,y >0, 0or x>0,y =0, or x >0,y <0, or
r=0,y<0,orz<0,y<0,or x<0,y=0. We don’t need to cover all cases because they are all
the same. Let’s suppose that x,y > 0.

So we have 0 < z < y. Note that y —x > 0 then by the Theorem above (Archimedean property)
there exists n € N such that = <y -z (length of [z,y]). Consider the set of all {k e Nk > na}.
Note that this subset of N is non-empty because N is not bounded in R. By the well-ordering
principle there exists smallest m € N such that m > nx. Then 2 > x. m -1 is not bigger than
nx because m is the smallest natural bigger than nx. So m —1 < nzx, and since 1 < ny — nx we
have m < 1+nx < ny, this shows us that m < ny, or that 7> <y. Then we have a rational * such
that x <7t <y. We are done. O
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5. NUMERICAL SEQUENCES (IN R)

Definition 5.1. A sequence of real numbers is any function a N — R. We denote the sequence
aN — R by (a)nen- The a, = a(n) is called the n-th term of sequence.

We are studying sequences because they are the most elementary objects to introduce the
idea of limit of a variable quantity. This topic is fundamental because the theory of limits will
be developed using sequences.

Definition 5.2. Let (a,)nn be a sequence of real number, and L € R. We say that L is a limit
of the sequence (a,) when n tends to +oo if, and only if, for every € > 0 there exists ng = ng(¢)
such that | a, — L |< € for all n € N such that n > nq.

IR

o
L—e o L n L+

Note that if (a,)ney has a limit L it must be unique. In fact if M was also a limit of (a,,), for
cach € > 0 there are ng € N, nj, € N such that | a,, — L |< € for all n > ny and | a,, — M |< € for all
n >nf. Then if ky = max{ng, n{} whenever n > ky we have

| L-M|=| (an—M)-(an-L)|<|an-M|+|a,-Ll<e+e=2¢

So we have proven that for every ¢ > 0 we have | L— M |< 2. Then question arises: is it possible
for O<|L-M|?

Suppose | L — M |> 0, then choosing &’ = |L_2—M‘ >0 we have | L - M |< 2’ =| L - M |. Hence
| L- M |=0, which shows that L = M and that there can be only one limit of (a,). Then we
denote L = lim a,,. When the limit of a sequence exists we say that it converges to that limit or

n—oo

that the sequence is convergent.

Example 5.1. Let L € R and (a,)ney given by a, = L for all n € N. Note that this sequence,
called constant sequence equal to L, is convergent.

Given any € > 0, since we have | a, — L |= 0 for all n € N we can choose any ng € N such that if
n > ng, then |a, - L|<e
Example 5.2. Define (a,)neny by a, = % for all n € N. Does (a,)nen converge 7 If so find its
limit, then prove that this is the limit of (%)neN.

Fix any € > 0 we want a ng € N such that | a, -0 |= £ < & whenever n > ny. Since R has
the Archimedean property there exists ng € N such that 1 < ng-¢ and if n > ny we have that
1 < nge < ne, that is £ < L < ¢ for all n > ny. This shows that lim a, = lim % =0.

nTno n—>o0 n-—>00
Example 5.3. Define (a,)neny by a,, = ¢/n for all n € N. Does (a,)ney converge ? If so find its
limit, then prove that this is the limit of (/1) nen-
For this limit we consider this trick, put a, —1 = r,. Note that a, > 0 for all n € N, then
r, = a, — 1> -1 for all n € N. Proving by induction on n that r, > 0 for all n € N we have by

Newton’s binomial theorem that
_1)p2 _1)y2
aﬁz(1+rn)":1+nrn+W+...+rnzl+w

Then n > 1+ @r% for all n e N and it tell us that \/g >, for all n e N. But lim /2 =0

n— 00

therefore for each £ > 0 one fixes there exists ng = ng(¢) € N such that | \/g -0]= \/g < ¢ for all

n >ng. Since \/g > 1, we have for all n € N such that n > ng the following inequality r, <e. And
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using the definition of r,, = a, — 1 and that r,, > 0 we have just proven that | a, —1|=| 7, |=7r, <€
whenever n > ng. This shows that for every € > 0 one chooses there exists ng = ng(¢) € N such
that | a, — 1 |< e for all n € N such that n > ng, in other words lim a, =1

Example 5.4. The sequence (a,)neny given by a, = 5= for all n € N converges and its limit is
Zero.
Note that for all n € N we have 2* > n. By induction on n, we see that statement hold for
=1 and if it is true for certain ng € N, then 2”0+1 =22 > 2ng >ng + 1. Therefore we have
proven that 27 > n for all n € N. As a result * for all n € N. And since hm = =0 for each

n—oo

e > 0 there exists ng = no(e) € N such that L = < & whenever n > ng. We conclude that == < ¢ for
all n > ng. This proves that hm == =0

_2n

Definition 5.3. A sequence of real numbers (a,)ney 18 bounded (in R) if, and only if, the set
{a, n € N} ¢ R is bounded (in R). In other words there exists z,y € R with z < y such that
r <a, <y for all n eN.

We generally use the following version of the definition above: (a,)nen is bounded (in R) if,
and only if, there exists M > 0 such that | a, |[< M for all n e N.

These two definitions are equivalent because if (a, ) is bounded then x < ay <y for all n. Note
that max{|y | +1,| x| +1} = R >0 and that y <|y | +1 < R,-R< —| x| -1 < —| x |< z. Therefore
| a, |[< R for all n € N. And assuming the alternative definition we get | a,, |< M for all n € N.
Then pick y = M and x = -M. Done.

Definition 5.4. A sequence of real numbers (a,)ney is bounded above if, and only if, there
exists y € R such that a, <y for all n € N. Similarly (a,) is bounded below if, and only if, there
exists x € R such that x < a,, for all n € N.

Proposition 5.1. Every convergent sequence (a,,)nen of real numbers is bounded. Or in terms
of its contrapositive if a sequence of real numbers is not bounded it does not converge (diverges).

Proof. For suppose that lim a,, = L € R. Then choosing ¢ = 1 there exists ng = ng(1) € N for
n—o00

which | a, - L |< 1 whenever n < ng. But | a, |[< 1+ | L | for every n > nyg. Now consider

M={lay|,....| ang-1|,1+| L |}. Then M > 1 and then | a, |< M for all n € N, which proves that
(an)nen is bounded (in R). O

Theorem 5.1 (Squeeze Theorem). If a, — s,¢, — s, and a, < b, < ¢, for all but finitely
many n € N, then b, — s.

Proof. Let € >0 and I = (s —¢,s+¢). By assumption, for n sufficiently large, a, € I. Also,
for n sufficiently large, ¢, € I. Hence, since I is an interval and b,, lies between a,, and ¢, for
sufficiently large, we have b, € I for sufficiently large. This shows that b, — s. 0

Theorem 5.2 (Algebraic Limit Theorem). If a,, — a and b, — b, then:

(1) ca, — ca for all ceR.

(2) @y + b, — a+b.

()anb — ab.

(4) 4= — ¢ if b, # 0 for all n e N and b # 0.
(5) |an| — lal.

Proof. 1. Since a, — a, for all € > 0 there exists nyg € N such that for all n > ng, we have
|an —a| < 5 (assuming c # 0). Therefore,

£
|ca, — cal = |c||a, - a| < |¢|- B = €.
c
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This implies ca,, — ca. If ¢ =0, the result is immediate since 0Oa,, = 0 and Oa = 0.

2. Let € > 0. Since a, — a, there exists Ny such that for all n > Ny, |a, —a| < §. Similarly,
since b, —> b, there exists N, such that for all n > Ny, |b, —b| < 5. For n > max{Ny, No}, we
have

)

|(an+bn)—(a+b)|§|an—a|+|bn—b|<%+—:5.

[\]

Thus, a, +b, — a +b.
3. Since a, — a and b, — b, we know a,, and b, are bounded. Let M > 0 be such that
la,| < M and |b,| < M for all n. Let e >0. Since a,, — a and b, — b there exist N7 and N such

that for all n > Ny, |a, —a| < and for all n > Ny, |b, - b| < For n > max{ Ny, N»},

2(M+1)> 2(M+1)

|lanbn, — abl = |anby, — anb + an,b — ab| < |ay,||b, - b] + |b]|a, — al.

Since |a,| < M and |b| < M, we get
£ £

n—ab| < M- M-
[anbn - abl o(M+1) oM+ 1)

Thus, a,b,, — ab.

4. Let € > 0. Since b, — b and b # 0, there exists N; such that for all n > Ny, |b, - b| < ‘b‘
which implies |b,| > % Also, since a,, — a, there exists N such that for all n > Ny, |a,-a| < #.
For n > max{Ny, N»}, we have

an _a| _|anb—ab,| _|amb—ab+ab-ab, < bl|an, — a| + |al|b, — b]
b, bl | bub | bnb - |5, [0
Since |b,| > @, we have
a, a
RINILE 2 (Bllan — al + allb - ).

As n — oo, the right-hand side tends to 0, so 3 — 7.

5. By the properties of absolute values and hmlts we have
lan] = lal| < |an - al.
Since a, — a, the right-hand side tends to 0 as n - co. By the squeeze theorem, |a,| — |a]. O

Definition 5.5. A sequence of real numbers (a,) is said to be

monotone increasing if whenever n >m we have a,, > a,,;
monotone (strictly) increasing if whenever n > m we have a, > a,,;
monotone decreasing if whenever n > m we have a, < a,,;
monotone (strictly) decreasing if whenever n >m we have a,, < a,,

In any of the four cases above (a,) is called a monotone sequence.

Theorem 5.3 (Monotone Convergence). Any sequence of real numbers (a,,) that is both bounded
above and (strictly) monotone increasing converges.

Proof. Since (ay,)nen is bounded there exists M > 0 such that |a,| < M for all n € N this implies
that the set of real numbers {a, n € N} is a bounded subset of R (in R). Since {a, n € N} # @
by the completeness axiom it has a least upper bound/ supremum in R, call it A. For any ¢ > 0
there exists ng € N such that A-¢ < a,,. But (a,)neay is monotone (strictly) increasing, therefore
for any n > ng we have A - ¢ < ap, < a, < A meaning |a,, - A| < ¢ for all n e N with n > ng. This
shows that 711_{1(()10 a, = sup{a, : n € N} = lub{a, : n € N} whenever (a,) is bounded and monotone

(strictly) increasing. O
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Example 5.5. Let (2, )ny be given by z,, = (1 + %)n for all n € N. Prove that it converges and
estimate its limit.
By Newton’s binomial theorem, we have:

xn=1+n-l+w-(l)2+...+(l)n

n 2 o -
:1+1+1—%+(1—%)(1—%)+m+(1—%)...(1_%)+m+(l)n
2! 3! il -
1 PRIk Gt ) k) B Dl Gk
! 2 3! n! '

We know that: - | "
xn§1+ﬂ+§+§+---+m:zoa.

But n! > 2*! for all n e N (this can be proved by induction). Therefore, 4 < (
Using this inequality, we have:

xn31+1+(%)1+(%)2+...+(%)"1:1+2(1_(%)").

n—1
2<xn£3—(%) <3 forall neN.

This shows (z,,) is bounded.
Now, (z,) is monotone increasing because, when we compute z,.1, we have:

1 n+1
xn+1:(1+ ) .
n+1

)n71 for n e N.

1
2

Hence:

Expanding using the binomial theorem:

1 1 1 1 2 1\
a:n+1:1+1+—(1— )+—(1— )(1— )+ +( ) .
21 n+1 3! n+1 n+1 n+1
We find that:

(1_ 1 )...(1_Z_l)>(1—l)---(1—u) fore=1,2,...,n.
n+1 n+1 n n

Therefore, x,,; has the first n summands greater than z, and an additional positive term

n+1 .. .
(ﬁ) . This implies z,,,1 > x,.

By the monotone convergence theorem, (x,) = (1 + %)n converges, and its limit lies between
2 and 3.

Definition 5.6 (Euler Number).
1 n
lim (1 + —) =e.
n—oo n

Example 5.6. Show that x; = \/§, To =\ 2\/5, r3 =\ 2V 2\/5, ... converges and find its limit.

Note that z,.1 = /22, for all n € N and where z; = /2. For n = 1 we have z5 = /22 >
z1 = /2 because 2v/2 > 2. If for certain n € N\ {1} we have z,,1 > ,,, then .1 = /22, > Ty
By definition 22,, = 2z, = 21/2x, > 2x,, taking square roots on both sides of the inequality
gives Tpio > /2%, = Tps1, By induction we conclude that x,,; > x, for all n € N. Then
Tpi1 =22, >, for all n € N, or that 2z, > z2. Since z,, >0 for all n € N we have 2 > z,, for all

n € N, then (x,) is bounded. By the monotone bounded convergent sequence (z,,) has a limit
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[. Then lim z,.; = = /2 lim z,, = v/2I. Solving in terms of [ we find either [ =0 or [ = 2. But

x, > 0 for all n € N, meaning [ = 2.

5.1. Bolzano-Weierstrass Theorem.

Definition 5.7. Let (a,)neny be a sequence of real numbers, and let (ng)keny be a sequence of
natural numbers such that n; < ng,; for all £ € N. The following sequence of real numbers,
defined as

aon:N—R, aon(k):=a(n(k))=alng)=ay,,
for every k € N, is called a subsequence of (a,)ney. We denote it by (an, )ken-
Example 5.7. Consider the sequence (a,) = ((=1)"),en. Then the sequences

(agk)keny = (Dkeny  and  (agg-1)ken = (—1) gen

are subsequences of ((=1)"),en.

Note that we found two convergent subsequences from ((=1)"),ey, which is a bounded se-
quence of real numbers (since |[(-=1)"| =1 for any n € N). Is this property true for any bounded
sequence of real numbers?

Example 5.8. Consider the sequence (ap)ney = (sinn),ey. For all n € N; we have |sinn| < 1.
Hence, (a,) is bounded. With some effort, it can be proven that (a, ).y does not converge.
However, we will see that there exists a convergent subsequence of (ay,)nen. It is very difficult
to exhibit a convergent subsequence explicitly, but by the Bolzano-Weierstrass theorem, its
existence is guaranteed.

Lemma 5.1. Let (I,,),en be a sequence of closed intervals I,, such that for all n € N, I,,;; € I,,.
Then there exists some ¢ such that c € I,, for all n e N.

Proof. Let I, = [ay,,b,] for all n € N. Then [I,,; € I, means that a, < an.1 < byyy < b, for all
n € N. Then we have
CL1SCLQS...SanSbnS...SbQSbl

So if A= {a, € R:n e N} then A+ @ and A is bounded above by b; for example. Then by
the completion axiom A has least upper bound, let’s call it «. Since a =1lub(A) =sup(A) it is
an upper bound for A, that is a, < a for all n € N. We know that any b, is an upper bound
for A, but « the least upper bound of A meaning it is less than or equal to any upper bound
of A, in particular, o < b,, for all n € N. We have proven that a, < a < b, for all n € N, that is

a € [ay,b,] =1, for all n e N. We are done. O

Theorem 5.4 (Bolzano - Weierstrass). Every bounded sequence of real has a convergent sub-
sequence. In other words if (a,)ney is a bounded sequence of reals (there exists M > 0 such that
lan| < M for all n e N) there exists a sequence of indexes (ny)n,ev and a ¢ € [-M, M] such that
lim a,, =c.

k— o0

Proof. Let (a,) be any bounded sequence of reals. Then there exists M >0 such that |a,| < M
for all n € N. Consider I = [-M, M]. Bisecting I; we obtain the subintervals: [-M,0] and
[0, M]. We claim that at least one of those subintervals I has the following property: for each
k € N there exists n € N such that n > k and a, € I; otherwise there would be ky € N, /20 e N
such that for all n > ky we have a,, ¢ [-M,0], and for all n > ky we have a,, € [0, M]. Then if
n > max{ko, ko} the a, ¢ [-M,0] or a, ¢ [0, M], which is impossible because a, € [-M, M] for
all n e N.
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Thus at least one of [-M,0] or [0, M ] have that property. Without loss of generality we can
assume that [0, M] has the property above, that is for each k € N there exists n > k such that
a, € [0, M]. If we consider the subset {n € N: a, € [0, M]} we have that it is non-empty. There-
fore by the well-ordering principle in N there exists the smallest element of {n e N:a, € [0, M]}
let’s call it nq, then a,, € [0, M], and we put Iy = [0, M].

The next step is to bisect I to get two subintervals [0, %] and [, M]. Again we claim that
at least one of those subintervals I have the following property: "for each k € N there exists
n > k such that ay € I”. As before if none of the subintervals above did not have the property
above we would reach an absurd. Therefore at least one of them have that property. Without
loss of generality let’s assume it is [2F, M] (if it was [0, & ] the argument is the same) with that
property. Then for all £ € N there exists n > k such that a, € [%, M]. In particular we can
choose k = nq + 1 then there exists n > ny + 1 such that a, € [, M]. Then the subset of natu-
rals {n e N:n>n; +1 and a, € [&, M]} is non-empty and by the well-ordering principle there

exists the smallest element of this subset which is no. Then a,, € [&, M] and we put I3 = [4, M].
Continuing this way we find for all £ > 1 a subinterval I,; € I, where [ is obtained in the

previous step such that:

(1) for ng =min{n e N:n>n;_1 +1 and a, € Ix.1};
(2) The length of I, is half of the length of Ij.
This tells us that there exists a sequence of points (ay) € I;;1 for k € N and a square of closed
intervals obtained by bisecting the previous ones.

By Lemma 1 (nested interval theorem) there exists ¢ € I, for all £ € N and since the lengths
of (I)ren are getting smaller this ¢ is unique. Now we claim that I}im an, = c. In fact since
p,, € Iys1 and c € I, for all kK € N and n € N we have that a,, € I+ and c € I, for all k € N. But
the fact that a,,,ce I, for all k€ N means that |a,, —c| <1(Ix+1) = length of Iy, = lg—,i) = Qk—]‘{l
for every k € N. Since ]}im st =0 then gim lan, —c|=0. O

Definition 5.8. A sequence (a, ),y of real numbers is a Cauchy sequence if, and only if, for
every € > 0 there exists Ny = Ny(¢) € N such that |a,,—a,| < € for all m,n € N such that m,n > Nj.

Theorem 5.5 (Cauchy Criterion). A sequence of real numbers converges if, and only if, it is a
Cauchy sequence.
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Problem 5.1 (3.11). Using only the definition of the limit, show that limn — o032 =3

n+2

Solution 5.1. a,, — 3 = 3:;21 -3 = n__+72 —|a,-3|= % We must show that for some n > ny we

have | a, -3 |< e for all £ > 0.

7
n+2
If we choose ng > g — 2 for all n > ng we will have n—; <e for all € >0. Thus, limn - 0037:‘7_21 =3.

Problem 5.2 (3.12). Let (a,) be a sequence. Define a sequence (b,,) by the formula b, = @,
for each n € N. In other words, (b,) is (a,) with the first term removed. Prove that a, — c if
and only if b, — c.

Solution 5.2. ( = ) Assume a,, — ¢. So for every ¢ > 0, there is some ng such that for all
n>ng

|a, —cl<e
For b, = ap41, as n+1>n > ng, we have | b, — ¢ |=| any1 — ¢ |< e. Thus, we arrived at b, — ¢ from
a, — c.

( <) Assume b, — c. For every ¢ > 0, there exists ny such that for all n > ng
| bp —c|=| any1—cl<e
n+1>n >ng we have a,, — ¢, from b, — c.

Problem 5.3 (3.13). Prove the following statement or disprove it by a counterexample. If (a,,)
and (b,) are sequences such that (a,) and (a,b,) converge, then (b,) converges.

Solution 5.3. Suppose a, — a, a,b, — c¢. We must show that b, — b for some b.

Take a,, = %, b, =n. We know a,b, — 1,a,, — 0. However, b,, = n diverges.
Problem 5.4 (3.14). Prove the following statement or disprove it by a counterexample. If (a,,)
and (b,) are sequences of positive numbers such that (a,) and (a,/b,) converge, then (b,)
converges.

Solution 5.4. Let a, — A, and 3 — C for A,C'> 0.
Qn

bn—a

bn

When n — oo, from a,, — A, and {* — C we will have b, — %.

Problem 5.5 (3.15). Let (a,) be a bounded (not necessarily convergent) sequence and (b,,) be
a sequence such that b, — 0. Show that a,b, — 0.
Solution 5.5. Since (a,) is bounded, there will be a M > 0 such that | a, |[< M for all n.
b, — 0, for every e > 0 there is ng sucht that for all n > ng we have | b, |< 57.

Thus for n > ng,

€
|anbn|£|an||bn|§M|bn|<M~M—6
Thus, a,b, — 0.
Problem 5.6. e Let a >0 and n e N. Show that (1+a)” > na.
e Let ¢> 0. Show that ¢v —> 1 as n —> oo.
Solution 5.6. e We will prove by induction on n.
Basecasen=1, (1+a)l=1+a>1la=a.
Assume that our hypothesis holds on &, (1 + a)* > ka. We will prove that it holds for
n==k+1.
(I1+a)*'=(1+a)* - (1+a)>ka-(1+a)
As k(1+a) > k+1 by 1+a > 1, we deduce that ak(1+a) > a(k+1). Thus, (1+a)k! > a(k+1).
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e Let ¢ > 1. Denote a = ¢v — 1. It is equivalent with ¢ = (1 + a)”, and from Binomial

equation,
-1
c:(1+a)":1+na+%a2+...
c-1 n-1,
=a+ a’+
n 2
As n approaches co, LHS — 0 - RHS - a — 0. So, cn—1 — 0. Conversely,
1
cn —> 1.
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6. SOME TOPOLOGY OF THE REAL LINE

Definition 6.1. Let X ¢ R. We say that X is an open set in (R, |-|) (the real line) if, and only
if, for every x € X there exists r = r(x) > 0 such that the open interval (z -7,z +71) c X.

Example 6.1. X = and X = R are open sets of the real line. Note that if X =c R was not an open
set of the real line, then there would be some x( € such that for all 7 > 0 the (xg—7,20+7) = X.
But z¢ € is an absurd. Hence is always an open set.

For X =R c R given any x € R and any r > 0 we have (x —r,x+r) SR =X. Thus X =R is
an open set of the real line.

Problem 6.1. Prove that any open interval is an open set of the real line.
Proposition 6.1. Let (A)),.; be a family of open sets of the real line indexed by /. Then

e Uyer Ay is also an open set of the real line
o If 7 ={1,....,n}, then Nz A, is an open set. In general, Ny A, is not an open set if [
is arbitrary.

Proof. e Pick any z € Uyer Ay, then there exists A € I such that x € A, is an open set of
R, there exists, by definition, some r = r(x,A) > 0 such that (z —r,z +7) ¢ A,. But
Ay € Uzez Ay therefore (z—r,z+7) € Urez Ax. Thus, Uyez Ay is an open set of R.
e Pick any x € Nyez Ay, therefore z € Ay for all AXe I ={1,...,n}. Since A, is an open set of
R there exists ry > 0 such that (z—ry,x+7)) € Ay for Ae {1,...,n}

4
s R
.l F 4
A A
A=
d
L 1
o R
4

The drawing above shows the dependency on r for each A € {1,...,n}. So, to construct
an open interval centered at x that will be a subset of Ny Ay, we pick the smallest of all
r=ryfor e {l,...,n}, that is, we define r = min{ryA € {1,...,n}} = min{ry,...,r,} > 0 and
we have r <) for all A\ e I ={1,...,n}. This guarantees that (zr—r,z+r) C (z—7ry,z+7))
for all A e I ={1,...,n}, in other words (z —r,z + 1 S Nxez Ax. Then Nyez Ay is an open

set of R.
O
Consider the following sequence of open intervals ((—%, %))nEN. By the exercise above (—%, %) c
R are open sets for each n € N. But N,y (—%, %) = {0} because 0 € (—%, %) for all n € N and if

there exists x € N,en ( L %) then —% << % for all n € N. Note that if we had z # 0 there would

_E’

be a Ny € N so large that | z [> Nio, but in this case x ¢ (—%, %) for n € N such that n > Ny. This

is impossible because we picked x € N,y (— 1 l)

n’n

% A
|‘ £ ——) 3 i
. o x 1

Thus, x = 0.
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Notice that for each r >0 the (-r,r) = (0-7,0+7) ¢ {0} = Nyew (-2, 1) hence {0} cannot be
an open set.

Definition 6.2. Let F ¢ R. We say that F is a closed set of the real line if and only if F¢ = R-F
is an open set of the real line.

Problem 6.2. Prove that any closed interval is a closed set of the real line.
Proposition 6.2. Let (A))x be a family of closed sets of the real line indexed by I. Then:

(1) Nxer Ay is also a closed set of the real line.
(ii) If I ={1,...,n}, then Uy Ay is a closed set. In general, the Uy Ay is not a closed set
if I is arbitrary.

Proof. We invoke the De Morgan laws which tell us that the following set theoretical identities
hold:

(N4) ~2-Q-Uss-Uce-a

Ael el el el

(U) B-Usn-a5- -4

el el el el

Since Ay is a closed set of R for all A € I, by definition, A§ = R~ A, is an open set of R. From
Proposition 1, we find that:

()
el Ael
is an open set. Therefore, Ny; Ay is a closed set of R.

Now, if I = {1,...,n}, then Ny A is also an open set of R, thanks to Proposition 1 above.
But we know that: .

(U A,\) =45
el el
therefore Uye; Ay is a closed set of R.

If I is arbitrary, the union does not need to be a closed set. In fact, if one considers the
family /sequence (—1 + %, 1- %) indexed by N, we see that it is a family of closed sets of R (by
the exercise above) and:

1 1
H\][ 1+ n]_( 11).
which is not a closed set. U

Theorem 6.1 (Sequential Characterization of Closed Sets of R). Let F c R. F is a closed set of
R if, and only if, for every sequence (a, )ney such that a, € F for all n € N, and lim a,, = ¢ exists

n—oo

we have that ¢ € F. For short: F is closed if, and only if, every convergent sequence defined in
its limit is also in F.

Proof. (=) Suppose F is a closed set of R, and let (a,) be any convergent sequence defined
in F and ¢ = lim a,. We claim that ¢ € F. If it wasn’t the case then ce R-IF. Since F is a closed

n—oo

set, by definition, F¢ = R —F is an open set of R therefore there exists some ry > 0 such that the
open interval (c—rg,c+19) CFc=R-TF. O

| =

'..-dl—'-l-
B
Tl
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But (a;,)neny converges to ¢ and a,, € F for all n. Then for € = ry > 0 there would be ny € N such
that | a,, — ¢ |< o for all n > ngy. But (¢ —rg,c+1r¢) contains no point form F, which contradicts
the convergence of (a,) to ¢. Then we conclude that c € F.

( <) If for every convergent sequence (a, ),y such that a, € F for all n € N and ¢ = lim a,, €

n—>00

F, we have that for every X € F¢ = R - there exists ro > 0 such that (x —rg,z+1r9) CF=R-F.
If this was false, then there is - € F¢ such that for every r > 0 we have that (z—r,z+7)nF #. For
each n e N let 7 = 2. From the fact that (z - 2,2+ 2)nF # we can pick some x, € F such that
|z, —x |< % for all n € N. Therefore we constructed a sequence (x,,)ney With x,, € F for all n e N.
Therefore we constructed a sequence (z,,)ney With z,, € F for all n € N and that lim z,, = z, but

n—oo

x € F¢ = R - TF, which contradicts the first assumption above. This guarantees that for every
x € Fe, for some 19 > 0 we have (x —1,,z +ro) CF¢, that F¢ = R - F is an open set of R.

Definition 6.3. A set K< R is a compact set of the real line if, and only if, for every sequence
(an)nen is K (that is a, € K for each n € N) there exists a convergent subsequence of (a,)nen,
say (an,)jen, such that L = lim a,,, € K.

J—)OO

Example 6.2. Any closed interval of R is a compact set. Here K = [a,b], and let (a, )nen be any
sequence in [a,b]. Then (a,) is a bounded sequence of reals. By Bolzano-Weierstrass theorem
(a,) has a convergent subsequence (a,;) whose limit lim ay, € [a,b].

J—)OO

Example 6.3. K:= {1 :ne¢N}u{0} is a compact set of R.

Theorem 6.2 (Heine-Borel on R). A subset K of R is compact set of R if, and only if, K is a
closed and bounded set of R.

Proof. (= ) Le K < R be a compact set of R, then any sequence of points in K has a convergent
subsequence and its limit belongs to K. We claim that K is a closed set of R. In fact, for any
convergent sequence (a,)ney in K we have that its limit belongs to K because there exists a
subsequence (a,;);en of (a,), which converges (remember K is compact) to some element of K,
say ¢ = lima,;. But (a,) is convergent, therefore all of its subsequences converge and their limits
are the same, that is lim a,, =lima,, = ¢ =K. Thus any convergent sequence in K has its limit

n—oo

in K, thanks to the sequence characterization of closed sets above we conclude that K is a closed
set of R.

Note that K is also a bounded set. If K wasn’t a bounded set then for every n € N we
have that K ¢ [-n,n], that is there exists some element «,, € K such that | v, [> n. So we
constructed a sequence (o, )ney in K such that for all n € N we have | a, [> n, that is, (@ )nen
is not a bounded sequence therefore it cannot converge. But K is compact, then there exists
a subsequence (o, )jen of (ay)nen Which converges to some element of K. This is impossible
because | ay,; [> n; for all j € N, meaning (ay,)jev is not bounded. We conclude that K is
bounded.

( <= ) For suppose that K is closed and bounded, Let (z, ).y be any sequence in K. Since
K is bounded there exists M > 0 such that | x,, |< M for all n € N, meaning (x,, )y is a bounded
sequence in K. By Balzano-Weirstrass theorem there is a convergent subsequence () ;ex)

if (2p)nen and its limit 2 = lim T, belongs to [-M,M]. Since K is closed by the sequence

J—)oo
characterization of closed sets of R we have that for (xn]. )jen it converges to x and z € K. Thus
we have proven that every sequence in K has a convergent subsequence and its limit belongs to
K, that is, we have proven K is compact.

U
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7. LiMITS OF FUNCTIONS AND CONTINUITY

7.1. Limits of real valued functions of one real variable.

Definition 7.1. Let A € R, and 2y € R. We say that xq is a limit point of the set A if, and only
if, there exists a sequence (ay,)nen in A such that a, # zg and lim a, = 2. Or equivalently, xq is
n—o0

a limit point of A if, and only if, for all € >0 we have ((a—¢,a+¢) | {a})n A+ @. The set of all
limit points of A is A’, called the derived set of A and A’ ¢ R.

Example 7.1. Let A=Q. We claim that the set of all limit points of A is R, that is Q' = R.
Note that for any real xy and n € N in (xo - %,xo + %) there are rationals (Q is dense in R),
let’s choose r, € Qn (xo - %, xo + %) for n=1,2,.... Then we have a sequence of rationals (7,)nen
such that | r, — xq |< % for all n € N, that is (r,) converges to xyg. Then z; is a limit point of

A =Q. And this shows that R ¢ Q' = set of all limit points of Q. Since Q' ¢ R is immediate.
Example 7.2. Let A= {1 :neN}. Then z =0 is a limit point of A, but z, = % is not a limit
point.

Note that for (a,)npey = (%)

is a limit of A = {X :n e N}. For suppose that zo = % is a limit point of A = {%:n e N},

then there exists a sequence of points in A, say (a,)ney Which converges to % = xg9. Then

we have (a,) is a sequence in A and lim a,, = 0. Then zy =0

neN n—>0c0

for every e > 0 there exists ng € N such that | a,, - % |< e for all n > ng. But if we choose

e =min{l - &= % — 1} >0, then for certain Ny we have that | a, - % |< e for all n > ny. But
1

(E - &, % + 5) N A = which contradicts the existence of (a,) converging to % Then zg = 1
cannot be a limit point of A = {1 :neN}.
Definition 7.2 (Limit of a Function - Sequential Limits of Functions). Let X ¢ R,z € X’ and
f:X =R be a function (which may or may not be defined at z,). We say that L € R is a limit
of f at xy (as z tends to x¢) if, and only if, for every sequence (x, ),y in X which converges to
xo we have that lilzrn f(z,) = L.

L € R is not a limit of f at xo (as x tends to x) if, and only if, there exists a sequence (2, )nen

in X which converges to xy but the lim f(x,) # L.

Since the limit of sequences is unique
Example 7.3. Let f:[0,1] = R be given by f(z) = —£=. We want to determine if lim f(x)

241"
Tz

5
exists or it doesn’t exists.

Let (z,,) be any sequence on [0,1] converging to g = £, that is, lim z,, = + and z,, € [0, 1] for
n—oo

all n € N. Notice that f(z,) = 327 then by the limit laws for sequences we have

lim z,

1

7 5
lim f(z,)=—""2 s = 5 =
e 1+ (lim xn) L+ 55 26

Therefore lirrll f(z) = 2%

Tz

5
Problem 7.1. Does hHll x% exists 7 Give reasons
x>z
5
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Solution 7.1. The function 33—12 is defined and continuous for all real numbers except z = 0. As
1

xr — 5 )
2 (1) _ L
5 25
Thus,
1 1
ST =2
o5
Therefore,
1
lim — =25
z—>% 2

Solution 7.2. Using the dlfference of powers formula:

—l=(z-1)(@E@"™ ' +2™ 2+ +x+1)

=lim(z™ '+ 2™ 2+t + 1)

r—1

As x — 1, every term in the sum becomes 1:
=1+1+--+1 (m terms)=m
Thus,

-1

=m
z—1 xr—1

Definition 7.3 (¢ - ¢ form of limit). Let X c R, 25 € X/, and f: X — R be a function (which
may or may not be defined at ). We say that L € R is a limit of f at zo (as x tends to xo) if,
and only if, for every € > 0 there exists 0 = d(&, xg, f) > 0 such that

|f(x) - L|<e for all x € X such that 0 < |x —xq| <.

We can prove that these two definitions are equivalent. That is, if we assume either one of
them we get the other one.

Proposition 7.1. Let X ¢ R, zp € X', f: X — R be a function, and L € R be a limit of f at xo.
If L € R is also a limit of f at zo, then L = L.

Proof. By definition, given € > 0, there exists 6; > 0 and d, > 0 such that:
(i) |f(x)-L| <5 for all z € X such that 0 < |z - x| < dy,
(i) |f(z)-TI]< S for all x € X such that 0 < |z — | < Js.
For § = min{d;,ds} > 0, we have |f(z) - L| < § and |f(x) - L| < § for all 2 € X such that
0 < |z —x0| <J. Then, using the triangle inequality, we have
~ €
IL-L|<|L- f(a)|+|f(z) - L] < §+§ =€
for all 2 € X such that 0 < |z x| < J. Since £ > 0 was arbitrary, our deductions led to |L-TI| < .
The only way for it to be true is if |L - L| = 0, that is, L = L.

Hence, the limit is unique. 0
Proposition 7.2 (Limit Laws). Let f,g: X — R such that X ¢ R, xy is a limit point of z.
For suppose that lim f(z) =L and lim g(z) = L. Then the following hold

T—>T0 T—>XT0

(1) im (f+g)(x)=L+L
T—>T0
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@) Jim (f o)) = -

(3) IfL#O then lim f( 3 = 1
T—T0

(4) lim [ f(z) |=| L |

Proof. For the proof we just inverse the theorem on limit laws for sequences of real numbers.
In fact, for every sequence (x,) in x such that lim x, = zo then we consider the sequence

n—00

(f(xn)),s1- This last sequence converges because lim f(z) = L and lim g(m) L exist. Then

T—>xQ

lim (f +g)(x,) = im (f(z,) +9(x,)) = lim f(z,)+ lim g(z,) =L+ L. In other words
lim (f+¢g)(z)=L+L
-0

Similarly for lim f(z)g(x) we have that the sequence (f(z,) - g(z,)),»; converges. By the limit
T—T0 >

laws for sequences discussed previously, the limit of f(x,)g(z,) must be
lim f(x,)g(x,) = lim f(z,) lim g(z,) = L-L

For the 3rd property, as we have hm f(z) = L, we have some §; > 0 such that | f(z) - L |< 5 I

(0 <] 2 =2 |< 01). From triangle 1nequahty we know that

| LI L f(x) + f(2) S| L F(X) [+ | £(2) [ F(X) - L+ | £(a) < 12

Thus,

+[9(2)|

ﬂ<'f(3”)'_’|f<1a:>|<%

We also have for some d5 > 0, | f(z)-L |[< 5 1L g, (0 <| z—x |< d2). Now we choose § = min{dy, ds}.
As 0<|z -z |< J, we have.

| L
L Ll — 2 _ =
‘f(fv) L‘ T O F T @ S @ < g o=
Thus, if L # 0 then :}L%lom 1

As we have lim f(x) =L, we have for every e > 0, | f(x)-L |[< e, for some § >0, 0 <| z—xq < d.
T—To

From reverse triangular inequality we get || f(z) |- | L || <| f(z) - L|. Thus, || f(z)|-| L] <e,
proving lim | f(z) |=| L |. O
T

Theorem 7.1 (Squeeze/ Sandwich theorem). Let X ¢ R, x5 € R be a limit point of X, f,g,h
X — R such that f(x) < g(z) < h(z) for all x € X. For suppose that L = lim f(z) = lim h(x).
T T

Then lim g(x) = L.

T—>xQ

Proof. One just needs to use the squeeze theorem for sequences at real number. 0

In what follows we are going to introduce manay fundamnetal limits, which appear in many
applications and as a reult of computing more complex limits.

Example 7.4. lir% % =1
xr—
We assume that all trigonometric functions exist and all results of trigonometry apply (later

on we will derive them analytically)
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Q

E i
0 R I

We know that sin 6 is the signed length of the projection of OP into the y-axis, and that cos#
is the signed length of the projection of OP into the x-axis. In what follows we fix 6 € ((), %)

—_——

Consider the AOPR, the sector OPI and the triangle AOQI. Supposing that we know what
are of triangles, sectors we have are following

area( AOPR) < area(OPI) < area(20Q1)

But,
area(AOPR) = OR-PR _ sin@ - cos 0
2 2
0
area(OPT) 3
OI-QI tané
area(2A0QI) = O - An
2 2
Hence
sinf@cosf 6 tand
< =X
2 2 2

whenever 0 € (0 g)

So cosf < sm9 s —9 for all 0 e (O, g) or cos9 > 3139 < cosf for all 0 € (0 ) We assume that

= 1 by squeeze/ sandwich theorem we conclude that hI(I]l sinf _ 1,

90+ 0

7.2. Continuity.

Definition 7.4. Let X c R, xy € X be a limit point of X, and f: X — R be a function. f is
said to be continuous at zg if, and only if, the lim f(z) exists and it is equal to f(zo).
T—xQ
In other words, for every e > 0 there exists § = §(xg,e) > 0 such that | f(z) - f(zo) |< ¢ for all
x € X such that | x —xq |< 6.

If a function f: X — R is continuous at each point of X (its domain) we say that is is
continuous.

A function which is not continuous at a point zq is discontinuous at xg; a function which is
not continuous it is discontinuous.

Example 7.5. Any polynomial function P(z) = ag + a1 + ... + a,z" for x € R is continuous.
In fact, notice that for each xy € R one fixes let’s consider the following.

oot

i=1

|P(x) — P(x0)| = = iai (- x0) (xi_l + 220+ + xé‘l)
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n =1 . n i—1 ) ) )
Z (ai(x - ) Z x]xf)_l_J) < (Z |a] Z |x|]|x0|1_1_7) |z — o
-1 =0

=1 j=0
=(x)-|r—1x0| for all xeR.
Since we want to know what happens very close to xg, let’s fix | x—2q |[< 1. Then |z [< 1+ | ¢ |.
Notice that restricting the domain of ¢(x) to (=1—| zo |, 1+ | 2o |) then ¢(z) is bounded, that

is, there exists some M >0 such that | ¢(z) |< M for all x € (= |z | -1,| 2o | +1).
In fact, since | z |[< 1+ | z¢ |

n i—1 n i-1
[ o(x) =) Tail Yo [ [Pao V=23 Tail- [ ™|z
i=1 =0 i=1 j=0
n i-1 o oon il o ]
<22 lail (I fwo )™ fag P< 30 3 (1 T ag [)(1+ 2o [)'7 (1+ | 20 )’
1=15=0 i=17=0
Then for all z € (-1-| o |, 1+ | 2o |) we have that | P(x) — P(x¢) < M- |z - x¢ | for
n -1
M=% % (1 [ a; [)(1+ 2o )7 (1+ 20 ]) > 1
i=1 j=0

Given any ¢ > 0 if we make M | x — xq |< €, we are guaranteeing that | P(x) — P(x) |[< . To
do so we require | - x¢ |[< 77. Now we define 0 := min{1, i7}. Therefore whenever |z -z |< d it
follows that | P(x) — P(xo) |< e. This proves that lim f(z) = f(x), and then f is continuous

T—TQ

at xg. Since xy was arbitrary we conclude that f is continuous for all xq € R, that is, f is
continuous.

Example 7.6. Prove that the function f: R — R give by f(x) = 2?2 for all z € R is continuous.

Fix any xo € R and consider | f(z) = f(zo) |=| 2?2 =22 |=| z+ 2o |- |2z -0 |< (2 | + | 20 |)- ]
x —x —x |, which is true for all x € R. If we make the | x — ¢ |< 1, then | z |< 1+ | 29 |. Therefore
| f(x) = f(xo) |< (I+ | 2o |+ | @ ) |z—20]= (2] 20| +1) | 2 = 20 | for all z € R such that
| x -z |< 1.

Given any € > 0 note that if we make (2| zg | +1)- | z—x¢ |< €, we guarantee that | f(z)-f(x¢) |<
e. To do so we must have | z -z [< 1 and | 2 - 2 [< 3557, and if 0 = min{1, 5}, we have
that whenever | x — x¢ |< § the | f(z) — f(zo) |< e. This proves that Iim f(x) = f(xo) for all
xo € R, then f is continuous. ’

Proposition 7.3. Let X € R, x5 € X be a limit point of X, f,g : X — R be continuous
functions at zy. Then:

e [+ g is continuous at xg;
e f.g is continuous at z;
o If g(zp) # 0 then % is continuous at xo;

Proposition 7.4 (Local Preservation of Sign). Let f: 1 — R be continuous on the interval
L. If for some xy € I we have f(x¢) > 0 there exists some ¢ > 0 such that f(x) > 0 for all
xeln(zg—0,20+9)
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f(§°) > 0 there exists some § = (5(@) > 0 such that

| f(z) - f(xg) |<e forall xeln(xg-0,29+0). Then f(xg)-¢ = @ < f(x) < M for all
xeln(xg—0d,x0+0). And since f(xg) >0 we are done. O

Proof. Since f is continuous given & =

In particular if f(xzg) > « for some « € R there exists § > 0 such that f(z) > « for all
x e ln(xg—-0,29+3d). To prove it consider I(z) = f(z) —a. Then I(xy) > 0 by the local
preservation of sign proposition above the result is immediate.

All continuous functions defined on an interval [a,b] such that f(a) < f(b) (or f(b) < f(a))
have the following property: - Given v € (f(a), f(b)) (or v € (f(b), f(a))) there exists x., € (a,b)
such that f(x,) =~

i) |
Y
fo T
o Tw b

We are going to show that all continuous functions have the property above, and that is the
intermediate value theorem.

For that we consider the following idea: if we look at the graph above and consider the set
{z €[a,b]: f(z) <7} the Tgumma is the supremum of this set and f(z,)y as we can see in the
picture above. Let’s define L = {z € [a,b] : f(z) < v}. Note that L = @ because a € L since
f(a) <, and since L € [a,b] we have that L is bounded, in particular it is bounded above.
By the completeness axiom there exists the least upper bound/ supremum of A, let’s call it
xy (z, =sup(L) = glb(L)). Our claim is that f(x,) = 7. To prove it we show that the cases
f(zy) >~ and f(z, <~y don’t happen.

- If f(z,) > v then there exists some r > 0 such that for every x € [a,b] n (x, — 71,2, +7T) We
have f(z) >~. But since ., =sup(L) = glb(L) for each ¢ > 0 there exists some z. € L such that
Ty —€ < xe < x,. And since x. € L we must have f(z.) <. In particular if we let ¢ = r there
must be z, € L such that z, —r <z, <z, and f(x,) <~. Which contradicts that f(z) >~ for all
zela,b]n(zy,—r,z,+7r). Then f(x,) >~ is false.

- If f(x,) <~ there exists some 7 > 0 such that for every z € [a,b] n (z, - T, 2z, +T) we have
f(z) <. In particular for any x € [a,b] N[z, 2, +7) we have f(z) < and for that reason each
x € [a,b]n[z,,x,+T) are also elements of L. Thus the assumption that f(z,) < lead us to the
conclusion that there are elements x € [a,b] N[z, z, +T) such that f(z) <+, which implies there
zeL. ([a,b] N[z, z,+7 < L). But since z, is the supremum/ g.1.b of L it is, in particular, on
upper bound of L, which contradicts the previous that [a,b] n[Z5,7, +7) € L. Hence f(z, <~
is false.

The only left is that f(x,) =7.

Example 7.7. Consider the polynomial function P : R — R given by P(x) = 27 — 202° + 10 for
all z € R. Prove that P(z) =0 for some x € R.

Note that P(0) =0-20-0+10=10>0 and P(1) =1-20+10=-9< 0. Since P is continuous,
the restriction of P to [0, 1], that is, the function Ppg1; — R given by Pjg 1 = 27 - 202° + 10 for
all z € [0,1], is a continuous function such that Ppy17(0) >0 and Py 17(1) < 0.
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By the intermediate value theorem there exists some x € [0, 1] such that Ppqj(x) = P(x) =
27 =202° + 10 = 0. This proves there exists a root for P(x) polynomial function.
Example 7.8. Let f:[0,1] — [0,1] be continuous. Prove that there exists some x € [0,1]
such that f(x) ==z

Define ¢ : [0,1] — [0,1] by g(z) = f(x) —x for all x € [0,1]. Then 0 < g(0) = f(0) < 1
and -1 <g(1) = f(1) -1 <0. g is the sum of two continuous functions on [0, 1], therefore g is
continuous. By the intermediate value theorem there exists some x € [0, 1] such that g(x) =0

O 4

Theorem 7.2 (Extreme Value Theorem). Every continuous function f : [a,b] — R attains
its maximum and minimum values, that is, there exist zpnm € [a,b],Zmax € [a,b] such that
f(@min) = inf{f(x) : x € [a,b]}, f(Tmax) = sup{f(z) : x € [a,b]}. Note that the interval must be
closed because the function f:[0,1] — R given by f(z) = 2 for all z € [0,1] is continuous but
there is N0 i, € (0, 1] for which f(znn) =sup{f(z) : x € [a,b]}

H_

1
1

Before we prove it, we need to auxiliary results:

Lemma 7.1. Every compact set in (R,|-|) has a maximum and minimum elements, that is, if
K c R is compact, there are x € k,T € k such that for all y € k we have z <y <.

Proof. Since K is compact in (R,| - |), by Heine-Borel theorem, K is bounded and closed in
(R,|-|). K being bounded means that there exists M > 0 such that k ¢ [-M, M]. Therefore by
the Archimedean/ completeness axiom of R the sup(K) = lub(K') and inf(K') = glb(K) exist as
real numbers, and moreover we know that inf(K) <y <sup(K) for all y € K.

We claim inf(K),sup(K) € K. In fact, for each n € N we have sup(K) - < is not an upper
bound of K, then there must be some y, € K such that sup(K)-=+ <y, <sup(K). Then (y,),x
is a sequence in K such that | sup(K) -y, |< = for all n € N. Hence lim,,_ o+ 4, = sup(K). By
the sequential characterization of closed sets theorem in page 40 we have that sup(K) € K. And
we put T = sup(K).

Likewise, for the infimum we put z = inf(K). This proves the result U
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Lemma 7.2. Let f: A — R be continuous, A ¢ R. If K ¢ A is a compact set, then f(K) is
also a compact set (both in (R, |- 1))

Proof. Notice that we have to prove that every sequence in f(K') there exists a convergent
subsequence of it. Then let (y,),y be any sequence in f(K) (that is y, € f(K) for all n € N).
Since y,, € f(K) there exists x € K such that y, = f(x), choose any of those x, fix it and denote
it by x,. Then (1, ),y is a sequence of points in K such that y,, = f(x,) for all n € N. Using that
K is compact, and that x,, € K there exists a subsequence (2, )jev of (2, )nen Which converges to

some [ € K. If we consider the subsequence ( f (xn])) Yn, )jen Of (Yn)nen, then by sequential

o=

jeN

continuity lim;eo ¥n; = limj.e f(2n,) = f(I). Thus we obtained a convergent subsequence of

(Yn)nen. Hence f(K) is compact in (R,|-]) O
Now we prove the extreme value theorem (EVT)

Proof. By lemma 2 above f([a,b]) is compact in (R,]| - |), and by lemma 1 above, there are
Y,y € f([a,b]) such that § = sup(f([a,d])),y = inf(f([a,b])). And since y,7 € f([a,b]) there
are Ty, € [a,b], Tmax € [a,b] such that f(:vm_m) =y and f(@max) = . This proves the desired
result. B ]
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