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MATHEMATICAL REFLECTIONS JOURNAL JULY & SEPTEMBER’24

SARTHAK DATTATRAY DHOBALE, AMMOC, INDIA

1. UNDERGRADUATE MATHEMATICS

Problem 1.1 (U 664, July, Issue 3, 2024). For every integer n > 0 define

xnearctan T

I, = | ————dx.
V1+ 22

Prove that
(n+ 1)1+ I, +nl, g = 2"/ 1 + p2eretane
for all n > 0 and then evaluate I,.
Solution 1.1 (U664). Given:
f(z) = 2"\/1 + p2efrctane

The derivative of f(x) is:
f’(ac) _ (xn)/mearctanm + (m)/xnearctanw + (6arctanm>lmxn

Now, let's differentiate each part individually:
1. Differentiating x":

(xn)/ — ’rLZL‘n_l

2. Differentiating /1 + 22:
1 x
VIitad) ==(1+a2%) V2 200 = ——
VIFE) = 51+ 2) =

3. Differentiating e®*ctane:

1
1+ a2
Substitute these derivatives back into the product rule formula:

arctanx\/ __ _arctanx
(erretanry = getens.

1
/ ) = nz,n—l mearctanx + Zz xnearctanx + earctanx . mzn
(@) N 1+ a2

Simplify each term:
1. Simplifying na™1y/1 4 g2exrctane:
n—lgarctanz n+1 arctan

n—1 2\ jarctan
_ nx 1 + x7)e nx e nx
nxn 1 /1 xgearctanx ( )

V1422 V1422 V1422

x n arctanx.

2. Simplifying e

n+1 6arctan T

xr e
xnearctan T _

V1422 V1422
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3. Simplifying erctane . sz V14 x2x"
n ,arctan

1 xr'e
arctan / n
1 372 vV 1 + {L‘2

Combining these terms, we get:

nxn—l earctan T nxn—l—learctan T $n+1 eaurctan T xnearctan x

== " e T vire e

Combine like terms:

(TL + 1>xn+1earctanx xnearctanw nxnflearctanx

=" e e

Thus, we have:
(xnmearctanz)/ _ (

Integrating both sides, we get:
2"V1 + 22 = (n+ )y + I, + 0l g
For finding I, we put n = 1 in the proven identity, we get 215 + (Ip + ;) = xv/1 + x2e®*2 % We

will first evaluate I + ;.
(1 + x)earctanx
I+ 1 :/—dx
e V1+ 22

Substitute arctanz = t, z = tan(t) and dz = sec?(t)dt

1 arctanx 1 t
/ ( + :U)@ dr = / M SeCQ(t>dt = /(1 —+ tant)et sectdt
V1 + 22 1 + tan?(t)

. Note, that (e’sect)’ = e'secttant + e’ sect = (1 + tant)e’ sect .So,

/(1 +tant)e'sectdt = e’ sect = e T\/1 + tan?t = eMNTV/] 4 g2

n—+ 1) n+1 arctan:v xnearctanx nxnflearctanz

V1422 \/1+x2 V1422

. Thus,
IO + ]1 — earctanx /1 +$2

g (.T o 1)mearctanx
2 pu—
2

Problem 1.2 (U661, July, Issue 3, 2024). Find all functions f : R — R such that
flzy) = f@)f(y+1) — 2y +1)f(x),

By , our identity we have ,

forall z,y € R
Solution 1.2 (U661). Put x = 0 and y = 0, we get f(0)(f(1) —2) = 0.

Case 1 f(0) =

Set y =0 to get f(z)(f(1) —1) =0. So, f(z) = 0 is one solution. The other case is f(1) = 1.
Thus, f(0) =0 and f(1) =

Now plug in x =1 to get:

fly)=f)fly+1) - Df(1)=fly+1)—(2y+1)

(2y +

So f(zy) = f(x)(f(y+1) — (2y+ 1)) = f(x)f(y). Hence, the function is multiplicative.
Set x =y =1in 1.2, we have that f(2 ):f(l)f( )+ (2-1+1)=4
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Claim -: f is an even function and f(x) > 0 for every = € R.

Set y = —1 in the original equation to get f(—x) = f(z)(f(0) — (=2+ 1)) = f(x). Thus, fis
an even function.

Now, we will prove that f(x) > 0 for all z € R. As f is even, we only need to prove that f(z) >0
for x > 0.

f@) = f(Vavz) = f(Va) [(Va) = (f(Va))?
So, clearly f(z) > 0 for z > 0.

Now, as f is positive on the ray x > 0, by characterization of such functional equation, through
positivity of the function on ray x > 0 as documented in hyperlinked IMO Compendium, the Cauchy
functional equation solution is f(z) = 2* for some k € N.

Since f(2) = 4, we have k = 2. Thus, f(x) = z? is the solution of the functional equation. Case
2: f(0)#0
Put z =0and y =0, we get f(0)(f(1) —2) =0. So f(1) =2. Now plug in z =1 to get:

fly)=fWfly+1) - Cy+1)f(1) =2(fy+1) — 2y + 1))
f+1) - @y 1) =Y
fly+1) Z@H?@Hl)
Define a, = f(n), we have the recursion a,y1 = % + 2n + 1 with a; = 2. Now note that

ag = 2/242+x1+1 =4, a3 =4/24+2%x2+1 =7 a4 =7/24+2%x3+1=21/2, a5 =
21/44+2%4+1=21/4+9=>57/4. Through these values we observe that

an=f(n) =4n+2>" -6
We will prove that this hold true by induction for n > 2.
For the base case , ay =4 =4 %2+ 2372 — 6.
Induction hypothesis is
ap =4n+23"—6
We have to prove that
g1 = 4(n +1) + 250D 6 = 4n 422 — 2
Now note that

G,
an+1:7+2n+1

] ] ) n 4 237" — 6
By induction hypothesis, %+2n+1:n+f+2n+1
An + 23 — 6
Hf+2n+1:2n—|—22_"—3+2n+1 —Ap 22— 2

Thus, a,, = f(n) = 4n+23""—6 .But,Note that a,, does not satisfies the original equation : To check
whether f(x) = 4+ 237" — 6 satisfies the functional equation f(zy) = f(z)f(y+1)— (2y+1)f(z),
we need to verify this equation for all z and y.

Given:

flz) =42 42" —6
First, calculate f(zy):

flxy) = 4(xy) + 2> — 6
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Next, calculate f(z)f(y + 1):
flz)=424+2%*—6
fly+ D) =4y +1) +22 0 _6=dy+ 44227V —6 =4y — 24+ 2%
f@)fly+1) = (4o +277" - 6)(4y — 2+ 2°7)
Expand f(z)f(y + 1):
f@)fly+1)= (4o +2%" - 6)(dy — 2+ 2*7Y)
=dr(dy —2+277Y) + 27 (4dy — 2+ 277Y) — 6(4y — 2+ 2°7Y)
= 160y — 8w +4a - 227V 44y - 237 —2.2377 4. 237 .92V _ 94y 4 12 — 6227V
Now, calculate (2y + 1) f(x):
2y + 1) f(z) = (2y + 1)(dx +2*" — 6)
=y +1)4z)+ 2y +1)(2* ") — (2y + 1)6
=8uy +4x+ 2y 25T 257 12y — 6

Combine the terms for f(z)f(y + 1) — 2y + 1) f(x):
f@)f(y+1)—2y+1)f(z) = (160y—8z+4x-22 7V +4y-237—2.257 1 237792794y 1 12-6-227Y)
- (8xy + 4w + 2y - 237 + 2377 — 12y — 6)
= 160y—8z+41-2% Y44y 257*—2.2377 42377927V _ 94y 1126227V —Sry—4x—2y-2° " —23"" 412y +6

=8xy — 120 4+ 4 -227Y +2.2377. 22V _ 12y + 18 — 6227V — 237
Now, compare f(zy) and f(z)f(y+1) — 2y + 1) f(x):
flzy) = 4oy + 2>V — 6

f@)fly+1) —Qu+1)f(z) =8ry — 120 +4x-2*¥ +2.27%.227V 12y 4 18 — 6. 2% — 2°77

Clearly, f(zy) does not equal f(z)f(y+1)—(2y+1)f(z) in general. Hence, f(z) = 4z+2%%—6
does not satisfy the functional equation f(zy) = f(z)f(y+1) — 2y + 1) f(x).

Problem 1.3 (U 668, September, Issue 4, 2024). Evaluate

/1 —5z? + 5 +4
0

dx
o 4+r+1

Solution 1.3 (U 668). Note that

U522 + 52+ 4 ' 3r+4 b 2g — 322

5 do= | =2 _dot | = e

o 2H+a+1 o 2+x+1 o T3—x2+1

We will first evaluate
/1 2r — 32°
————dx
0o ¥3—a2+41

Substitute t = 23 — 22 + 1. dt = —(22 + 32*)dz. Forz =0 ,t=1. Alsoforx =1,t=1. So it is

Loat
[
Lt

/1 3z +4
—————dx
0 x+x+1
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We can rewrite the integral as

L3224+ 1) ! 5
—————dr+ | ————dzx
0o 222 +x+1) 0 2(x2+x+1)

§/1—2x+1 dx —l—§ /1—1 dx
2\Jy 224+ +1 2\Jy 224+z+1

We will now individual find both of the integrals. For the first integral substitute t = 22 +x 4+ 1. We
have dt = (2 + 1)dz Forx =0, t=1andforx =1,t=3

L o2r+1 3 dt
——dx = — =1In(3) —In(1) =In(3

A;ﬂ+x+1‘r -7~ @) = in(1) = in(3)
Now we will find

! 1
J——
0 TP+x+1

To evaluate the integral

! 1
J——
0 TE+uo+1

We first complete the square to write the integral in the standard form.
Rewrite 22 + x + 1 as follows:

P ra+l= x+12 Liie x+12+3
2 4 2 4
3

Now we substitute ©w = = + % Then we get du = dx, and when © =0, u = %; whenz =1, u = 5
Rewrite the integral in terms of w:

1 3
1 2 1]
L L
0 T*+x+1 1ou? 4y
2

Note that this integral can be solved using the standard integral formula:

/ 1 1 U
——— du = — arctan (—) .
a? + u? a a

Here, a* = 3, s0 a = %:‘/75.
3
/2 1 1 /2 1 J
= u
R VA TE W (73>2+u2
3
5 Lo (25)],
= — |arctan | — .
3 \/§ 1
So,

/1 1 2 3) 1)
———dr = —— |arctan | —= | —arctan | —= ) | .
0 r2+x+1 3 3 3

Using the fact that:
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we have:

/1 1 2 /m T 2 0w T
—————mﬁﬁ—(———)z——n-:——.
o X+x+1 V3\3 6 V3 6 33

Thus, the value of the original integral is

5 3in(3
7r+ n(3)

6v/3 2

2. Olympiad Problems
Problem 2.1 (O 667, September, Issue 4, 2024). Prove that for any positive real numbers a, b, ¢

o b L 9(a+b)(b+c)(c+a)>§
b+c c+a a-+b (a+b+c)? 6

Solution 2.1 (O 667). Subtract 2 from both sides of the equation to get

v

Za—b—l—a—c Ya+b)(b+c)(c+ a)

8
2(b+c) (a+b+c)? 3

cyc

We can write

a—b+a—c a—b b—a (a —b)?
% 2(b+c) _§2(b+c)+2(c—l—a) _§2(b+c)(c+a)

By AM - GM

(a — b)? +3(a—|—b)(b—|—c)(c—|—a) S \/6(a+b)(a—b)2
2(b+c)(c+a) (a+b+c) (a+b+c)

To prove that

8 b 3
I EUNGEDE w; o)
cyc
Problem 2.2 (O 668, September, Issue 4, 2024). How many ordered 4-tuples (a, b, ¢, d) of pairwise
distinct numbers a, b, c,d € {1,2,...,17} are there such that a — b+ ¢ — d is divisible by 17 .

Solution 2.2 (O 668). Note that a — b+ ¢ — d has 3 possible values that are 0, —17,17.
Case- 1) a—b+c—d=—17. So we have

at+tc=b+d—17

. Now clearly b+ d > 20. Denote b=a+k; ,c=b+kyand d =c+ k3. k1 # 0,ky # 0, ks # 0.
ky 4+ k3 = 17 where k; # 0 and k3 # 0. 16 solution. Corresponding of k; = 1 ,a = 16 value of a
possible. In total 16(1 +2+3+4...16) = 2176

Case 2) a+c=b+d. ky = —ks. 32 different possible values of k;. And for a it is between 1tol7.
32(1 4 2.. 4 17) = 4896 Case 3) Same as case 1 In total answer is 9248.
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3. Senior Problems
Problem 3.1 (S661). [July Isssue 3,2024] Find all n for which there is a positive integer k such that
(n—1)!'+1=(k—30)% and (n+ 1)+ 1 = (k + 30)?
Solution 3.1 (S661). Subtracting the two given equations, we get
(n+1D!+1—(n-1)!—=1=(k+30)— (k—30)
(n—1D!(n*+n—1) =120k
(n—1!(n*+n-1)
120
Substitute this value of k in the equation (n + 1)! + 1 = (k + 30)? we get

(n—1D!(n*+n-1)

=k

2= D+1
( 190 +30)* = (n+ 1! +
Claim : For n > 10, (% +30)? > (n+ 1)! + 1. Note that for n > 10,
— 1)!(n? —1
A )(I;O*" )30 > ((n— 1))

So, we will now prove that ((n — 1)!)? > (n + 1)! + 1.Proof by induction. It is easy to verify it for
n = 10.induction hypothesis is

(n—1NH2>nm+1)+1
. We have to prove that

(n)?>(n+2)!+1

Note that (n!)? = (n(n — 1)1)?> = n?((n — 1)!)? > n*((n + 1)! + 1)(By induction hypothesis).
Now, n?(n + 1)! +n? > (n+2)(n + 1) + n? > (n+ 2)! + 1(For n > 10, n* > n + 2).
Thus we are done and n < 9. Checking the values from 1 to 9,we find that only n = 6 and k£ = 41
satisfies both the equation.

Problem 3.2 (S663, July, Issue 3, 2024). Let ABC be a triangle with ZA = 2B+ 60°. Prove that
(cos3A +isin3B)* + (cos 3B +isin3A4)* = 2(cos 3C + isin 3C)>.

Solution 3.2 (S663). Now, : 3£ZA = 180° + 34B. Using trigonometric identities, we have:

cos 3A = cos(3B + 180°) = — cos 3B,

sin3A = sin(3B + 180°) = —sin3B.
Now, consider the expression:

)(cos3A +isin3B)* + (cos 3B +isin3A4)* = (- cos 3B +isin3B)* + (cos 3B — isin 3B)*.
(= cos3B + isin3B)* + (cos 3B — isin 3B)* = 2(cos 3B — isin 3B)* = 2(e'(738))1 = 2¢i(~128)
So,
(cos3A + isin3B)* + (cos 3B + isin34)* = 2¢1(125)

Now, /C = 180° — LA — /B = 120° — 2/B. Using trigonometric identities, we have:

cos 3C' = cos(360° — 6£B) = cos6B,

sin3C' = sin(360° — 6/B) = — sin 6 B.
So,

2(cos 3C + isin 3C)% = 2(cos 6B — isin 6B)? = 2(¢'(765))2 = 2¢1(~125)
Sarthak Dhobale 7 January 1, 2025
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Hence,
(cos 3A +isin3B)* 4 (cos 3B + isin 3A)* = 2(cos 3C 4 isin 3C)2. = 2¢1(-125)

Problem 3.3 (5666, July, Issue 3, 2024). Let 0 < a; < 1 < ay < ... < a, such that a; + as +
..a, = n. Prove that

aias + asas + ... +apa; <n

Solution 3.3 (S666). We are given that 0 < a; <1 < ay < --- < a, and the sum of all a; is n. The
rearrangement inequality states that for two sequences 11 < 29 < --- <z, and y; <y < -+ < ¥y,

Ty + T2Ye + -+ Tnln < T1Ye(1) T T2Yo(2) T Tnlo(n)

for any permutation o.
Let ; = a; and y; = a;41 (with a,41 = a1). Since a3 < ay < -+ < a,, we can apply the
rearrangement inequality:

a1az + agaz + -+ + apaq < @101 + agag + -+ + anay
Since a; <1 and as, a3, ...,a, > 1, we have:
109 + aga3 + -+ -+ + GnQq §a3+a§+---+ai
Using the fact that a; + as + - - - + a, = n, we apply the Cauchy-Schwarz inequality:
(af+as+ - +a)(P+1+ - +15) > (g +az+ - +a,)’
Simplifying, we get:
(a2 +a3+---+a)-n>n
a%%—ag—l—---—i—aiZn

Combining the results, we have:

aias + azaz + - -+ + a,aq §a3+a§+---+ai <n

Therefore, we have proven that a,as + asaz + - - - + a,a; < n.
This completes the formal proof.

Problem 3.4 (S 669, September, Issue 4, 2024). Let a,b, c be positive real numbers such that
ab + bc + ca = 1. Prove that

b b 1
Zbc 2a+b+cz\/9ac+3(a+ —i—c)+
4 4 a+b+c

cyc

Solution 3.4 (S 669). By cauchy schwartz we have
2
(Z bev2a + b+ c) > (Z bc) <Z be(2a + b+ c)
cyc cyc cyc

Note that (chc bc) = 1land <chc be(2a + b+ c) = 3abc+(a+b+c)(ab+be+ca) = 3abe+a+b+-c.
So

Zbcx/2a+b+02 V3abc+a+b+c
cyc

Sarthak Dhobale 8 January 1, 2025
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It is enough to prove that

b b 1
3abc+a+b+c> Ja c+3(a—|— +C)+
4 4 a+b+c
3abc a+b+c 1
+ >
4 4 a+b+c

(3abc+a+b+c)(a+b+c) >4
Note that (a +b+c)? =a® +b%+c*>+2 > ab+ bc+ ca + 2 = 3. It is enough to prove that
3abc(a+b+c) > 1

But the last inequality proof is obvious.

Problem 3.5 (S 671, September, Issue 4, 2024). Let ABC' be a triangle with circumradius R and
let 2 be its Brocard point such that ZQAB = ZQBC = ZQCA = «. Prove that if cota = 5cot A

and BC = qa then
cos(A) > ! a < ?)R\/§
-3 = 5

Solution 3.5 (S 671). Now cot « = cot A + cot B + cot C. So we get 4 cot A = cot B + cot C' =
:,11111155—;160)- Thus,
4 cos Asin BsinC = sin® A
2cos A(cos B — C + cos A) = sin® A
3cos’ A+2cos Acos B—C =1

3cos? A =1+ cos3C + cos3B

Clearly cos A >

Wl

4. Junior Problems
Problem 4.1 (J661, July, Issue 3, 2024). Find all positive integers n for which
(n?+ D'+ (nH)! + (n? —1)!
(n+1)!

Solution 4.1 (J661). Note that n = 2 clearly satisfies the equation.
Claim: For n > 3, we have

= (n+3)%

(n? 4+ 1)+ (nH)! + (n? —1)!
(n+1)!

> (n+ 3)?

Now,

2+ D'+ (nH)! + (n? = 1)! - (n?+1)!
(n+1)! (n+1)!

If we show that (n? 4+ 1)n? > (n + 3)? for n > 3, then we are done. This is equivalent to showing
that n* —6n —9 > 0 for n > 3.

As f(3) > 0, it is sufficient to prove that f(z) = 2% — 6z — 9 is increasing for z > 3. We need to
show that f(z3) > f(x1) whenever zo > 27 > 3.

Consider f(z) = z* — 6z — 9.
Sarthak Dhobale 9 January 1, 2025
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fx2) — fla1) = (25 — 622 — 9) — (] — 621 — 9)

Ty — 2} — 6(29 — 1)

= (29 — 1) (75 + 2521 + 2007 + 23) — 6(1y — 71)
= (9 — 1) (23 + 23 + 2321 + 2027 — 6)

Since xo > x1, 15 — x1 > 0. We also need to show that z3 + 23 + 22z, + z02? — 6 is positive for
T9 > x1 > 3. Therefore,

f(z2) — f(21) >0

which means f(z5) > f(x;). Hence, by the definition of an increasing function, f(z) = 2* — 6z — 9
is increasing for x > 3.

Problem 4.2 (J663, July, Issue 3, 2024). Let f : (0,00) — R be a function such that

T (Y r Yy T oy Y T P
GG ()5

for all positive real numbers x and y. Evaluate f(2024).
Solution 4.2 (J663). let u = ¥, then the equation is

M uf(%)+<u_%>f(u+%>+%f(u):u3—%

Replace u by < in the original equation we get

(2) %f(u)%—(%—u)f(%jLu)—l—uf(%):%—u?’
Adding equation 1 and 2 we get ,

2—f (u) +2uf (%) =0
) L (3) =0

Now , using equation 1 and 3 we get

let ¢ = £ + u, then we have f(t) =t — 1. Thus, f(z) =2? —1forz > 2.(Ast = 1 + u, has
solution when ¢ > 2)
Problem 4.3 (J664, July, Issue 3, 2024). Let a, b, ¢ be non-negative real numbers such that ab +
bc + ca > 3. Prove that
1 n 1 n 1 <1
a?+2 b2+2 2+2
Sarthak Dhobale 10 January 1, 2025
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Solution 4.3 (J664). This is equivalent to proving that

2 N 2 N 2 <3
az+2 242 2427
-1 -1 —-1<2-3=-1
a?+2 +b2+2 +02—|—2 -
a2 b2 2

a2+2+b2+2+62+2 21
By,titu lemma we have
a? v? ? (a+b+c)?
a2—{—2+b2+2+02—|—2 T a?+b+c2+6
Now, (@ + b+ c)? = a® +b* + ¢® + 2(ab + bc + ca) > a® + b* + 2 + 6(As ab + be + ca > 3) So we
are done .

Problem 4.4 (J666, July, Issue 3, 2024). Find all functions f : R — R such that
flzy) = fl@)fly+ 1)+ f(z—1)f(y)

Solution 4.4 (J666). Substitute 2 = 0 into the given functional equation:

fO-y) = fO)fy+ 1)+ f(=1)f(y)

This simplifies to:
fO)=fO)fly+1)+ f(=1)f(y)
1)

Let's denote f(0) = c and f(—1) = d, so we have:

c=cfly+1) +df(y)
Considering ¢ = f(0): Let's analyze the cases for f(0): Case 1: f(0) =0 If ¢ = 0, we get:
0=0-fly+1)+df(y) = df(y) =0 = fly) =0

In this case, the solution is:
f(z)=0 forallzeR

Case 2: f(0) # 0 If ¢ # 0, we can divide by ¢ in the equation:

1= fly+ 1)+ 1)

Let e = ¢, then:
fly+1)=1—-ef(y)
Substitute y = 0 in the original functional equation:
fl-0) = flz)f(0+1)+ flz—1)f(0)
This simplifies to:
fQ0) = f(x) f(1) + f(z—1)f(0)
Using f(0) = ¢, we get:
c= flx)f(1) +cf(z—1)

)

As ¢ # 0, we can divide by c:

= fla)==+flz—1)

Let m = &, then:

C

L=mf(x)+ f(x—1)
Sarthak Dhobale 11 January 1, 2025
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Combining Relationships We now have two relationships:

fly+1)+ef(y) =1
L=mf(r)+ f(x — 1)

These are consistent if f(z) is a constant function. Let f(z) = k for all z € R. Substituting
f(z) = k in the original functional equation, we get:

k=k-k+k-k = k=2k> = 2k k=0 = k(2k—-1)=0

Thus, k=0 or k= 1.

Problem 4.5 (J 667, September, Issue 4, 2024). Prove that the sum of squares of two twin primes
can be written as the sum of squares of three positive integers.

Solution 4.5 (J 667). Clearly the twin primes are of the form (6k — 1,6k + 1) for some integer k .
Sum of squares is

(6k +1)* + (6k — 1)* = 72k* + 2 = (8k)* + (2k + 1)* + (2k — 1)?
Problem 4.6 (J 669, September, Issue 4, 2024). Let a, b, ¢ be positive real numbers. Prove that

a+b b+c c+a +ab+bc—|—ca>3(a+b+c)2
a?—ab+0?  bV2—bc+c?  c?—ca+a? abc RGN
Solution 4.6 (J 669). Cauchy Schwartz states that

() = (54) (£%)

Take alzﬁ/%,agzwbgbﬁ,etc. and blz\/(aQ—ab—i—lﬂ)(a—i—b),

by = \/(b2 —be+ ?)(b+ c),etc. Now a;b; = a + b,asby = b+ ¢ and azbs = ¢+ a. So by Cauchy
Schwartz we get

() ( a+b N b+c N c+a )

a?—ab+0b* b2 —bc+c? 2 —ca+a?
x [(@® —ab+b*)(a+b)+ (b* —bc+ P)(b+c)+ (¢ —ac+ a®)(a+c)]
> (a+b+b+c+ecta)
= (20 +20+2¢)* = 4(a+ b+ c)?
Simplifying we get that ,

a+b b+c c+a >2m+b+@2
a?—ab+b> b2 —bc+c? A—ca+a®  (a®+ b+ 3)

Thus to prove that

ab+m+ca>(a+b+@2
abc T+ +
To prove that
2 2 2 2
a_3_'_b__i_c_Z (a+b+c)
a? b AT B+ +3
The above inequality is obvious by Titus's lemma.
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Problem 4.7 (J 671, September, Issue 4, 2024). . Let a > 1 be a real number. Find all functions
f R — R such that

fx+y) = f(x)f(y) —asinzsiny,

for all z,y € R.

Solution 4.7 (J 671). The potential solutions are of form Based on our calculations, let's analyze
the results for the function form f(x) = Acos(x) + Bsin(x), where A and B are constants to be
determined.

Let's compare the left-hand side (LHS) and right-hand side (RHS) of our functional equation:

LHS: f(x +y) = Acos(z + y) + Bsin(z + y)

f(z)f(y) = Asin(z) sin(y) = A% cos(x) cos(y)+AB sin(z) cos(y)+AB sin(y) cos(x)+B? sin(x) sin(y)
For these to be equal for all x and y, we need to match the coefficients:

e Coefficient of cos(z) cos(y): A = A?
e Coefficient of sin(x) cos(y) and cos(z)sin(y): B = AB
e Coefficient of sin(z)sin(y): —A = B?—a

From equation 1, we can deduce that either A=0or A= 1.
Case 1: If A=0

e Note that B =0 (since B=AB=0-B=0)
e But this contradicts the last writen equation as —0 # B* —a (a > 1)

Case 2: If A=1

e From equation 2, we get B = B, which is always true.
e From equation 3, we get —1 = B? —q, or B> =a — 1

The calculation confirms that the function we hypothesized indeed satisfies the given functional
equation for a > 1. f(z) = cos(z) £ va — 1sin(x) Therefore, the solution to the functional
equation

[z +y) = f(x)f(y) —asinzsiny

f(z) = cos(z) £ Va — 1sin(x)

for a > 1.
Problem 4.8 (J 672, September, Issue 4, 2024). Let ABC'D be a convex quadrilateral such that

(AB — BC)* + (CD — DA)> =2(AB - AD — AC - BD + BC - CD)

. Prove that the statements

a ABCD is cyclic.
b ABCD is circumscriptible.

Solution 4.8 (J 672). We will first we prove that (a) implies (b). Now denote AB = a,BC = b,
CD=c,DA=d, AC =e, BD = f. As ABCD is cyclic , we have AB-CD + BC - AD =
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AC.-BD. So , ac+bd=ef.
(@=0)*+ (c—d)* =2(
a® +b* —2ab+ & + d* — 2cd = 2(ad — ef + be)
a’+ b+ +d* =2(ab+ cd+ ad + bc — ac — bd) ( As ef = ac+ bd)
(
2

a-d—e-f+b-c)

(a® 4 ¢ + 2ac) + (b* + d* + 2bd) = 2(ab + cd + ad + bc)
(a+c)+(b+d)?=
(a+c—b—d)*=0

Soa+c=b+d, i.e AB+CD = AD + BC. By pitot theorem , ABC'D is circumscriptible.
Now we will prove that (b) implies (a). ABCD is circumscriptible so by pitot theorem , AB+CD =
AD+ BC. iea+c=b+d . So we have

(a+c—b—d)?*=0
a® + 0>+ + d* = 2(ab + cd + ad + be — ac — bd)

a+c)(b+d)

Now the given info is
(a—b2+(c—d?=2a-d—e-f+b-c)
a® 4+ b* — 2ab+ & + d* — 2cd = 2(ad — ef + be)
a’+ >+ +d* =2(ab+ cd + ad + bc — ef)

Equating both values of a? + b* + ¢ + d? we get ,

2(ab+ cd + ad + bc — ef) = 2(ab + cd + ad + bc — ac — bd)

ef =ac+bd

Thus, ac+bd = ef. In other words, AB-CD+ BC-AD = AC - BD. by Ptolemy ABCD is cyclic.
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